On multiplicative character sums
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Methods from arithmetic combinatorics origi-
nating in Endre Szemeredi’'s work have signifi-
cant applications in analytic number theory, in
particular to bounding exponential sums and
character sums. Two results that play a key
role are Sum-product theorems and the Balog-
Szemeredi-Gowers theorem.



Sum-product theorem

e Sum set
A—I—AZ{al—I-aQ : aiGA}

e Product Set
AA = {ajas : a; € A}



Sum-product theorem

e Sum set
A—I—AZ{al—I-aQ : CLZ'GA}

e Product Set
AA = {ajas : a; € A}

e ERDOS-SZEMEREDI
Theorem. ACZ, |A|=N

A+ A| + |AA| > N1T0

for N >> 0 and § = abs const.



Sum-product theorem

e Sum set
A4+A={a1+ap : a; € A}

e Product Set
AA = {ajas : a; € A}

e ERDOS-SZEMEREDI
Theorem. ACZ, |A|=N

A+ Al + |AA| > N1T°

for N >> 0 and 6 = abs const.

Erdos-Szemerédi Conjecture

A+ A| +|AA| > e¢N27¢ Ve > 0,

where ¢ = c(¢).



Many people worked on this problem. The
most noticeable result is the one by Elekes,
using Szemeredi-Trotter theorem. The record
holder is Solymosi. Many people study the
problem in other algebraic structures, in par-
ticular, finite fields and integer residue rings.
The theory has many applications in pseudo-
randomness and exponential sums.



Balog-Szemeredi-Gowers theorem

T heorem.

o (R,+) = group
e ABCR, |A|=|B|=N




Balog-Szemeredi-Gowers theorem

T heorem.
o (R,+)= group
e G C A X B,
-
> —N
61>
and

{z4+vy:(z,y) €G}H < KN



Balog-Szemeredi-Gowers theorem
pplied in additive or multiplicative form.

T heorem.

o (R, +) = group
e ABCR, |A|=|B|=N

e §C AXB,

1. 5
> —N

and

{z+y:(z,y) € G} <KN
—— dA1 CA, BiCB s t

A1 + B1| < KEN

IGN (A1 x B1)| > K~¢N?

where C = abs const.



x = Dirichlet character modgq if
X 2/q7 — {z€ C:|z| =1}

x(m) = 0 if gcd(m, q) # 1
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x = Dirichlet character modgq if
X 2/q7 — {z€ C:|z| =1}

x(m) = 0 if gcd(m, q) # 1
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x = Dirichlet character modgq if
X Z/qZ —{z€C:|z] =1}

x(m) = 0 if gcd(m, q) # 1

a—+b

' 2. x(m)'

m=—a-+1
1. ¢>>0
2. X 7 Xxo
3. Want

a—+b

‘ Z X(m)' <bgqg ¢

m=a—+1
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e POLYA-VINOGRADOV (1918)

Theorem. y = Dirichlet character mod p
X Z=principal

a-+b

1
:»\ 3 x<m>\<cpz<logp>
m=—a-+1
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e POLYA-VINOGRADOV (1918)

Theorem. y = Dirichlet character mod p

X Z=principal
a-+b 1
= | Y x(m)| < Cp3(logp)
m=—a-+1

e BURGESS improvement (1962)

1
Theorem.Ve >0, 3§ >0 s. t. ifb> pate

a-+b

= X xm)| <p%
m=—a-+1

Corollary. Smallest quad non-res modp is at

_1
most 104\/5_|_6
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Extensions of Burgess Method to
Finite Fields [»

o {wi1,...,wn} =basis for F,» over Fp

relFn x*=x1w1+" + Tnwn

n
o B = { Z TjWj X5 € [NJ,NJ—FH]], \V/i}
j=1
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Extensions of Burgess Method to
Finite Fields [»

o {wi1,...,wn} =basis for F,» over Fp

relFn x*=x1w1+" + Tnwn

n
o B = { Z TjWj X5 € [NJ,NJ—FH]], \V/i}
j=1

e non-trivial estimates

T x<m>\ < |B|p~°

xeB

(BURGESS, KARACUBA, DAVENPORT-LEWIS, ---

16



Theorem. (DAVENPORT-LEWIS, 1963)
e {w1,...,wn} = arbitrary basis

n
CB:{ ijwJCU]E[N],NJ—FHJ], VZ}
=1

with H > 102(n+1>+8 for some e >0
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Theorem. (DAVENPORT-LEWIS, 1963)
e {w1,...,wn} = arbitrary basis

n
CB:{ ijwJCU]E[N],NJ—FHJ], VZ}
=1

with H > 102(n+1>+8 for some e >0

T x<x>\ < (pe1H)"

reB
for some e1 = e1(e) >0

— for p > p(e)
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Theorem. (DAVENPORT-LEWIS, 1963)
e {w1,...,wn} = arbitrary basis

n
CB:{ ijwJCU]E[N],NJ—FHJ], VZ}
=1
with H > 102(n+1>+8 for some e >0

T x<x>\ < (pe1H)"

reB
for some e1 = e1(e) >0

— for p > p(e)

e For n = 1, this is Burgess’ result

o — 5 for n large

Q(nqzl—l)
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Theorem. KARACUBA 70, BURGESS '67 (n=2)
e O—=algebraic integer

irr7(0) is irreducible (mod p)

@n—l

o w1 =1wr=60,...,wp =

WiWj = Z dijrwr with |d7jj7" <C
1<r<n
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Theorem. KARACUBA 70, BURGESS '67 (n=2)
e O—=algebraic integer
irr7(0) is irreducible (mod p)

ewi=1w,=06,...,w, =071

WiWj = Z dijrwr with |d7jj7" <C
1<r<n

n
CB:{ ijw]x]E[N],Nj—l—Hj], \V/Z}
=1

14 :
H; >p4"™=, Vj for somee>0

——

> x(w)| <p°|B|

reB
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Theorem. (CH, 07)
e {w1,...,wn} = arbitrary basis

n
o B = { Z Tjwj . X5 € [N],NJ—FHJ],
=1
2
n ste
1 #> (#")
j=1

for some e > 0

"
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Theorem. (CH, 07)
e {w1,...,wn} = arbitrary basis

n
o B = { Z Tjwj . X5 € [N],NJ—FHJ],
=1

2
ﬁ H; > (pn)5+s
j=1

for some e > 0

62
= <L p 4|B|,

> x(x)

reEB

"
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Theorem. (CH, 07)
e {w1,...,wn} = arbitrary basis

n
CB:{ ijwJCU]E[N],NJ—FHJ], \v’z}
j=1

2
ﬁ H, > (pn)5+s
j=1

for some e > 0

52
— < p 4B

> x(=z)

reB
unless n —=even
x|, =principal, where F> < Fyn,

> x(=z)

reB

Fy| = p/?

E2
< max|B N ¢F3| + O~ % |B])

24



Theorem. (Konyagin, 09)
o {w1,...,wn} = arbitrary basis

n
° BZ{ ijwjiij[Nj,Nj—FHj], \V/i}
=1

1
Hj > pz—l-E, V7

— <n p °|Ble

> x(x)

reB
where 6 = 6(e) > 0.
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Character Sums over Arithmetic Progressions

F, only ( similar results for F,» with worse exponent)

Theorem. (Ch 07)
P = proper d-dim gen arith progression in Fy

2
|P| > p5T¢, somee >0
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Character Sums over Arithmetic Progressions

F, only ( similar results for F,» with worse exponent)
Theorem. (Ch 07)

P = proper d-dim gen arith progression in Fy
2
|P| > p5T¢, somee >0
== for p > p(e,d),

> x(w)‘ <p "|P|

xeP
for some = 1(d) > 0

e the exponent % < % does not depend on d
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Corollary (CH, 07)
A CFp
(i) |A| > p?/57F¢

(i) |A+ A| < ColAl.
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Corollary (CH, 07)
A CFp

(i) |A] > p?/5Fe

(i) |A+ A| < CplA|.

— 3k = k(Cp,e) € ZT, k = k(Cp, ) s.t.

AR > kp.
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Corollary (CH, 07)
A CFp

(i) |A] > p?/5Fe

(i) |A+ A| < CplA|.

— 3k = k(Cp,e) € ZT, k = k(Cp, ) s.t.

AR > kp.

e uUse Freiman’s theorem, sum-product,
character sums
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Primitive Roots of Iﬁ‘pn

Corollary. B = {Xwjz;; Nj < z; < N; + H;}

2
5te

[TH; > (¢")

= ‘{primitive roots of Fyn in B}‘

_ p(@" =1)

—IBI(1+ o)
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Primitive Roots of Iﬁ‘pn

Corollary. B = {Xwjz;; Nj < z; < N; + H;}

2
5te

[1#; > (»")

= ‘{primitive roots of Fyn in B}‘

90(19 )

B(140(p™™))

combining character sums estimate with

WDl D )

p" dlp"—1 p(d) ord(x)=d
d>1

__J 1 if x is primitive
)10 otherwise

32



Multilinear Character Sum

e (L;)1<i<p linear forms in n variables over F,

det(L;)1<ij<n # O

o B:H[a'7,7a'7,+H]
1=1

e non-trivial estimates

> x( 11 1@)

rxeB =1

<p OH"
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Multilinear Character Sum

e (L;)1<i<p linear forms in n variables over F,

det(L;)1<ij<n # O

o B:H[a'7,7a'7,+H]
1=1

e non-trivial estimates

> x( 11 1@)

rxeB =1

<p OH"

Theorem. (Burgess) Assume

1 1
H > p§_2(n—|—1)+€

1
n=1, H>pste
1
n =2, H>p§+8.
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Multilinear Character Sum

o (L;)1<i<p linear forms in n variables over F,

det(L;)1<i<n # 0

¢ B:H[GZ,G,Z—I—H]
=1

e non-trivial estimates

> x( 11 5,@)

reB ]

< p_5Hn

Theorem. (Burgess) Assume

1 1
H > p§_2(n-|—1)+8.

1
n=1, H>piTt
1
n =2, H>p§+5.

Theorem. (Bourgain-CH, 09) Assume

1
H > paTe  for any n.
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Character Sums of Polynomials

e f(z1,...,x4) homog, splits over Fp
deg(f) =d
f(xq,...,x4) Nnon-reduced.
d

° B = H la;, a;+H] C Fg
1=1
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Character Sums of Polynomials

e f(z1,...,x4) homog, splits over Fp
deg(f) =d
f(xq,...,x4) Nnon-reduced.
d
° B = H la;, a;+H] C Fg
i=1

e non-trivial estimates

3 x(f(:v))' < pOH

reEB

Theorem. (Gillett, 1973) Assume

H > p2@D T,
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Character Sums of Polynomials

e f(z1,...,x4) homog, splits over Fp
deg(f) =d
f(xq,...,x4) Nnon-reduced.
d
° B = H la;, a;+H] C Fg
i=1

e non-trivial estimates

3 x(f(:v))' < pOH

reEB

Theorem. (Gillett, 1973) Assume

H > p2@D T,

Theorem. (Bourgain-CH, 09) Assume

H = p%_l_g.

38



Mixed Character Sums over Fpn
Theorem. (CH, 09)
e {w1,...,wn} = arbitrary basis

n
° B:{ Zibjwjiij[l,H],\V/j}
j=1

H > p%_l_’{
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Mixed Character Sums over Fpn
Theorem. (CH, 09)
e {w1,...,wn} = arbitrary basis

n
° B:{ Zibjwjiij[l,H],\V/j}
j=1

H > p%_l_’{

o fceR[xq,...,zyn] arbitrary of degree d

——

S e(£@)x@)| < c(n,0)(d+ )% B

reEB
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Mixed Character Sums over Fpn
Theorem. (CH, 09)
e {w1,...,wn} = arbitrary basis

n
° B:{ Zibjwjiij[l,H],\V/j}
j=1

H > p%_l_’{

o fceR[xq,...,zyn] arbitrary of degree d

— | X e(f@)x(@)| < e(n.m)(d+ 1% |Bl,
reB
K,Qn
where 9

T 2(1+25)(2n + (d+ 1)2)

FRIEDLANDER-IWANIEC n =1, f linear
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Mixed Character Sums over ]Fpn
Theorem. (CH, 09)
o {w1,...,wn} = arbitrary basis

n
° BZ{ Z:ijjiaij[l,H],Vj}
j=1

H > p%+“’

o fcR[xq,...,zyn] arbitrary of degree d

= | > e(f(fv))x(w)' < e(n,k)(d+ 1)2p~°|B|,
reB
where § = K2
T 4(1+42r)(2n+ (d+ 1)2)
ENFLO ng\/]_? eQﬂ'zf(x)(%) < p1/2—€

HEATH-BROWN

Z eQWif(x)X(x,) < Hl_l/QdTp(r+1)/2d+2T2—|-€
N<x<N—+H
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Short Character Sums with Composite Moduli
Theorem. (CH, 10)
e g =gq"p with (¢;,p) =1
e ICI[L,q] of size |I| > q,p2t"
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Short Character Sums with Composite Moduli

Theorem. (CH, 10)

e g =g!"p with (q;,p) =1

o [ CI[1,q] of size |I| > qlp%_l_’{’

e x = mult char (mod q) x = x1X>
x; (mod q*) arbitrary
X, (mod p) non-principal
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Short Character Sums with Composite Moduli

Theorem. (CH, 10)

e g =g!"p with (q;,p) =1

o [ CI[1,q] of size |I| > qlp%_l_’{’

e x = mult char (mod q) x = x1X>
x; (mod q*) arbitrary
X, (mod p) non-principal

> X(n)| < |I| pe"

nel

2,,—2
p— m
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Short Character Sums with Composite Moduli

Theorem. (CH, 10)

e g =g!"p with (q;,p) =1

o [ CI[1,q] of size |I| > qlp%_l_’{’

e x = mult char (mod q) x = x1X>
x; (mod q*) arbitrary
X, (mod p) non-principal

> X(n)| < |I| pe"

nel

2,,—2
p— m

Similar result:

¢ qg= QTQQ with (Q17QQ) =1
g, square free
e X, (mod g,) primitive
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Short Character Sums with Composite Moduli

Theorem. (CH, 10)

e g =g!"p with (q;,p) =1

o [ CI[1,q] of size |I| > qlp%_l_’{’

e x = mult char (mod q) x = x1X>
x; (mod q*) arbitrary
X, (mod p) non-principal

> X(n)| < |I| pe"

nel

2,,—2
p— m

Similar result:

¢ qg= QTQQ with (Q17QQ) =1
g, square free
e X, (mod g,) primitive
2172
> x(n)‘ < [T(qg)c'ogmqgc“ ™|
nel

p—

a7



Short Dirichlet Sums

Theorem. (CH, 10)
e x #=principal (mod p)

o |t|>1
1
° N>pZ+K“
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Short Dirichlet Sums

Theorem. (CH, 10)

x Z=principal (mod p)

o |t|>1
1
o N >pz+%
al - (logp)3
= y(n)n'| < N exp (—C(KU)
n=1 (log plt])?

)

49



N
=

n=1

Short Dirichlet Sums
Theorem. (CH, 10)
e x #=principal (mod p)
o |t|>1
o N >p%+%

x(n)n"

< N exp (—c(ff)

(logp)*

(log p|t|)?

¢ Vinogradov's bound for |t| > N

N »
2.
n=1

<<Nexp(—

(log N)*
“(log |t|>2>

)
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Short Dirichlet Sums
Theorem. (CH, 10)

e x #=principal (mod p)

o |t| >1
o N >p%+%
al - (logp)3
= y(n)n'| < N exp (—C(KU) )
n=1 (log plt])?

¢ Vinogradov's bound for |t| > N

N »
2.
n=1

(log N)3>

<L N exp ( —cC
(log |t|)?

¢ Similar results for square-free moduli

o Applications to zero-density estimates for
L(o 4+ it,x) with |t| large and o near 1
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Around the Paley Graph Conjecture

q = prime power
g =1(mod4) = —1 has square root in F
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Around the Paley Graph Conjecture

q = prime power
g =1(mod4) = —1 has square root in F

E = {{a,b} € Fy x Fy : a—b e (F})?}

G = (V,FE) is Paley graph of order ¢
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Around the Paley Graph Conjecture

q = prime power
g =1(mod4) = —1 has square root in F

E = {{a,b} € Fy x Fy:a—be (F})?}
G = (V,FE) is Paley graph of order ¢

Problem. What is the size of the largest clique
in G7
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Around the Paley Graph Conjecture

q = prime power
g =1(mod4) = —1 has square root in F

G = (V,FE) is Paley graph of order ¢

Problem. What is the size of the largest clique
in G7

e If g =p2", p+£ 2, then the clique number is
pn

A. BLOKHUIS: If ¢ = p2™, p # 2, then the ¢-
cliques are lines

For g prime, it is conjectured that the clique
number is ~ logp

55



Character Sums over Sumsets

KARACUBA
Find non-trivial bound on

> x(z+y)

rE€A,YyeEB

1
for |A| ~ p2 ~ |B|.
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Character Sums over Sumsets

KARACUBA
Find non-trivial bound on

> x(z+y)

rE€A,YyeEB

1
for |A| ~ p2 ~ |B|.

- 5+6 5
e known if |A| > p2™° and |B| > p° for some
6 > 0.
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Theorem. (CH, 07)
Assume A,B C Fp such that

4 4
(@) |A] > p9Te,|B| > pote

(b) |B + B| < K|B|.
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Theorem. (CH, 07)
Assume A,B C Fp such that

4 4
(@) |A] > p9Te,|B| > pote
(b) |B + B| < K|B.

T hen

> x(@+y)| <p7AlIB]
reAyeB

where r = 71(e, K) > 0, p > p(e, K).
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Theorem. (CH, 07)
Assume A,B C Fp such that

4 4
(@) |A] > p9Te,|B| > pote
(b) |B + B| < K|B.

T hen

> x(@+y)| <p7AlIB]
reAyeB

where t = 1(e, K) > 0, p > p(e, K) .

e use Freiman’s theorem, sum-product esti-
mate
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Main Ingredients in Burgess’' Proof
e Shifted product (Vinogradov)

e Multiplicative energy of an interval
E(A, B)

=|{(a1,a2,b1,bz) € A?x B? 1 a1by = azbz}‘
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Main Ingredients in Burgess’' Proof
e Shifted product (Vinogradov)

e Multiplicative energy of an interval
E(A,B)
=|{(a1,a2,b1,b2) € A2 x B? :aiby = azbg}‘
Lemma. I, J =intervals with |I| |J| < p
= FE(l,J) <clogp |I| |J]

(Friedlander-Iwaniec)
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Main Ingredients in Burgess’' Proof
e Shifted product (Vinogradov)

e Multiplicative energy of an interval
E(A,B)
=|{(a1,a2,b1,b2) € A2 x B? :aiby = azbg}‘
Lemma. I, J =intervals with |I| |J| < p
= FE(l,J) <clogp |I| |J]

(Friedlander-Iwaniec)

e Weil's Inequality

Theorem. x = mult character of Fyn
x Z=principal, ord(x) =d > 1
f € Fyu[X] has m distinct roots, f # g%

> x(f(:v))‘ < (m— 1)p2

ZCEIFpn

=
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Sketch of Proof

1
I = interval, I C [1,p), |I| — pate

1 €
J=1[1,p4], T =[1,p2], yeJ,teT
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Sketch of Proof

1
I = interval, I C [1,p), |I| — pate

1 €
J=1[1,p3], T =1[1,p2], yecJ,teT
_1 e _E&
e ) x(x)=p 42 Y x(z+yt)+0( 2|I])
xel xclycJ

teT
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Sketch of Proof

1
I = interval, I C [1,p), |I| — pate

1 €
J=1[1,p4], T =[1,p2], ye J,teT
_1_ e _E
e ) x(x)=p 42 Y x(z+yt)+0( 2|I])
xel xGL%gJ
te

> x| X[ x40

zelyel zelyed 'teT
teT
=y n<u>\ Zx<u+t>|
’LLEF;; teTl

n(u) ={xzel,yeJ:z=uy (Modp)}
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> x(:c+yt)‘§ > ‘Zx(wy_1+t)|

x€lyeJ xzelyeJ tel
teT
= % 0| ¥ x(u+1)
uel; teT

n(u) ={xzel,yeJ:z=uy (Modp)}

For 2r > 0, Holder’'s inequality gives

> 0| T xut)

uEFg teT
or 11—5 2r1 A
<[ w21 TS | T x|
U g _Su teT .
(1) (2)

o7



Konyagin's Argument of bounding E(B)

® {wi,...,wn} = basis for F,n over F}

e F(B) = ‘{(w,m’,y,y/) c B*:

/ - /
> Twi ) Yiwi = ) Yiwi ) :wiwi}
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Konyagin's Argument of bounding E(B)

® {wi,...,wn} = basis for F,n over F}

e F(B) = ‘{(w,m’,y,y/) c B*:

/ - /
> Twi ) Yiwi = ) Yiwi ) :wiwi}
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Konyagin's Argument of bounding E(B)

® {wi,...,wn} = basis for F,n over F}

e F(B) = ‘{(w,m’,y,y/) c B*:

/ - /
> Twi ) Yiwi = ) Yiwi ) :wiwi}

e Fix z ¢ Fpn

L.={(z,y) €Z°": Y yw; =z (3_zwi) }
o E(B) <Y .cp+ |L2NB2%2 4+ O(H?").
p
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Konyagin’s Argument of bounding FE(B)

® {wi,...,wn} = basis for F,n over F}

e F(B) = ‘{(a},x/,y,y/) c B*:

D TWi Y Yiwi = ) Yiwi ) fL‘iwi}

e Fix z €& Fpn

L, = {(fﬂ,y) c 2% Y yiwi =2 (Y ﬂfiwi)}
e E(B)< zzE]F;';n £, N B2|?2 4+ O(H?™).

C =[-1,1]*"
e successive minimum \; = \;(z) = \;(C, L)

A; = min{\ > 0: XC D indep elements of L,}
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e (Minkowski)

221 J( L))
(2n)! V(C) —

YRR

< ApeesAgy, <277

Aop ~ pn

d(£L:)
V(C)
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e (Minkowski)

22n d(['Z) 2n d(£2>
(2n)! V(C) SAL Ao S 2 V(C)

Al...AQann

(Minkowski+ Mahler) X\* = \;(C°, L})

Ai)‘%n—l—l—i ~ 1
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Multilinear Character Sum

e (L;)1<i<p linear forms in n variables over F,

det(L;)1<ij<n # O

o B:H[a'7,7a'7,+H]
1=1

e non-trivial estimates

> x( 11 1@)

rxeB =1

<p OH"
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the case of multilinear character sum

[ L’L = (E’L',la"'?g’i,n) e 7", det(Ll,Ln) fi— 0
e Estimate

E(By) = [{(z,y,2',y') € By :
Lix Lyy =L;x’ Lyy/, i =1,...,n}|

75



Character Sums of Polynomials

e f(z1,...,x4) homog, splits over Fp
deg(f) =d
f(xq,...,x4) Nnon-reduced.
d
° B = H la;, a;+H] C Fg
i=1

e non-trivial estimates

3 x(f(:v))' < pOH

reEB
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the polynomial case

f(z+ty)
— f(SU) —I—g]_(CU, y)t_l_ e _I_gd—l(xa y)td_l _I_f(y)td

e non-trivial estimate

¥ x(f@+uw)

ZBEBH, yEBHl
O<t<pT

where By, = [0,H1)¢, Hy = Hp™2"
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the polynomial case

f(z+ty)
— f(SU) —I—g]_(CU, y)t_l_ e _I_gd—l(xa y)td_l _I_f(y)td

e non-trivial estimate

> x(f@+un)

ZEEBH, yEBHl
O<t<pT

g —

where By, = [0,H1)¢, Hy = Hp™2"

¢ Y| S x(fe+w)

r€By, yeBy, t<p”

Z ﬂ(ZO,Zl...,Zd_]_)'

Zo,zl,...,zd_ler

‘ S x(zo+ 21t + -+ zg_1tE 4+ 1)

t<p™
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o n(ZOVZla"'azd—l)
='{(az,y) - BH X BH :

flz) _ gl(w,y)221  gi—1(z,y)
f@») " ) T (w)

—aal]
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o n(ZOVZla"'azd—l)
='{(az,y) - BH X BH :

flx) _ - 91(z,y) _ . 9d—-1(z,y) _
f(y) - f(w) o

o Y n(2)?
= {(w 'y, y) € BIQJ X BIQJ . 9i(z, ) = 9i(z",y') Vz}‘
Y L f(y) fly)

= {(w,x’,y,y/) S BIQJ X B[2{1 f(z+ty) and f(z' + ty

have the same roots in t € IETp}
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o 77(207217"'7Zd—1)
=‘{(5B,y) € By x By :

10 _ o) s
- U rw T fw) =T

o > n(2)?
_ / / 2 2 . gi(z,y) . gz-(:r;’,y’) :
=[{e ) € BBy 0 = 2|

= {(m,az’,y,y’) € BIQLI X Bl%ll  f(z+ty) and f(a' + ty

have the same roots in t € ]FTg}‘

e factor

d
fx) = ]] Li(2)
)

1

with Li(x) = x1 + N2z + -+ XNj g, Aij € Fp
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e nNnon-reduced implies
(1 A2 -+ Arg)
det(Li)i<i<a= |- - - [ #0

\1 Aog - Mg

e non-trivial estimate follows from multilinear
case
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Mixed Character Sums over Fpn
Theorem. (CH, 09)
e {w1,...,wn} = arbitrary basis

n
° B:{ Zibjwjiij[l,H],\V/j}
j=1

H > p%_l_’{

o fceR[xq,...,zyn] arbitrary of degree d

— | X e(f@)x(@)| < e(n.m)(d+ 1% |Bl,
reB
K,Qn
where 9

T 2(1+25)(2n + (d+ 1)2)
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the mixed character case

> e(f@)x@)

reEBg
1
<—F > e(f(z+yt))x(z + yt)

O<t<p®
+O(p = H™).
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the mixed character case

> e(f@)x@)

xEBH
1
<—F > e(f(w—l-yt))x(:c+yt)
p | p—25H| ZUEBH, yEBp—QsH
O<t<p®
+O(p = H™).

o f(il?-l-yt) — a’d(xa y)td—l—a,d_]_(ib, y)td_l_l_' ’ -—I—CLO(CU, y)
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the mixed character case

> e(f(@))x(x)

ZIZEBH
1
<—F > e(f(z+yt))x(z + yt)
p | p—QEH‘ TEB,,, yEBp—Qé‘H
O<t<p®
+O(p ¢H"™).

® f($+yt) — a’d(xa y)td_l_a’d—l(x) y)td_l_l_' : '+a0(x7 y)

e Partition [0,1]9F1 in boxes Q. of size p—¢1
e Partition BHXBp_QgH according to the boxes

Qa-
BH X Bp—QsH — LOJQOU

o Qn = {(:c,y) € By X B, oy

(aj(az,y)> € Qa (Mod 1)}
1<j<d+1
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¢ 0o =(0a,1,-100d+1) € Qa, (z,y) € Q0

e(a;(z,y)) —ewa,j)\ <p©1, forj=1,...,d+1
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¢ 0o =(0a,1,-100d+1) € Qa, (z,y) € Q0

e(a;(z,y)) —ewa,j)\ <p©1, forj=1,...,d+1

e J[O estimate

> e(f(z+yt))x(z + yt)

O<t<p®

one may replace e(f(a:—l—yt)) by 6<Z§-l=o O, tj>:
(The same 6, for all (x,y) € Q)
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¢ 0o =(0a,1,-100d+1) € Qa, (z,y) € Q0

e(a;(z,y)) —ewa,j)\ <p©1, forj=1,...,d+1

e J[O estimate

> e(f(z+yt))x(z + yt)
:EEBH, yEBp_QgH
O<t<p®

one may replace e(f(:c—l—yt) by 6(2?:0 Oc.j tj):

e(f(af;—l—yt)) — e( i O j tj)

7=0
< 27?2
J

e(a (@) — e(0a)| ¥
<2n(d+ 1)p%c1 < p~¢ with e; = (d+ 1)e
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o 90& — (904,17 .. '79a,d—|—1) S QOév (way) S QOé

e(as(@,9)) —e(Ba )| < P, For j=1,...,d+1

e(f(w + yt)) — e( zdjo 0o, tj)‘

j:

e(aj(a:,y)) — e(@aﬂ')‘ t/

<2n(d+ 1)p% 1 < p~¢ with e = (d+ 1)e
e want to bound

3

p d |
S 8 | X el X s t) xe o+
* (z,9)eQ't=1  "j=0
p° d .
=3 ¥ @) L e X 0ag ) xz+0)|
@ zeln t=1 7=0

where pa(z) = |{(:1:,y) c Qq: % = z}
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Composite Moduli

e FixO<a<yq (a,q) =1
Postnikov's formula

Xl(a + qlx) :Xl(a)Xl(l + qlax)

:X1(a)eqT(F(qlax))a
where F'(x) € Z[x]
72 ™
F(x) :B<x—§—|—---:lzm) (m’ > 2m),

Be€Zand aa =1 (mod q"
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Composite Moduli

e FixO<a<yqq (a,q) =1
Postnikov's formula

Xl(a + qlx) :Xl(a)X1(1 + qlc_m:)

=X1(a)€q71n(F(qlC_L$)),
where F'(x) € Z[x]
72 '
F(x) =B<w—§—|—---:lzm) (m’ > 2m),

B e€Z and aa =1 (mod q7"*)

e Estimate

> x(m)

nel

< Z Z eqT(F(qlaw))XQ(a + Chx)

(a,q.)=1 a+tq zel

and apply mixed-character bound
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