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Abstract

We show that certain properties of dimension complemented cylindric
algebras, concerning neat embeddings, do not generalize much
further. We show that certain reducts of polyadic algebras have the
superamalgamation property. We consider those reducts of polyadic
algebras where cylindrifiers are finite and all substitutions are available.
This is an interesting stage between cylindric and polyadic algebras,
which we show, share some positive properties of polyadic algebras.
We also give a nice categorical formulation of an equivalence between
such classes (which are varieties) of different infinite dimensions.
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We recall from [1] Theorems 2.6.67, 2.6.71-72.
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We recall from [1] Theorems 2.6.67, 2.6.71-72.

Theorem 2.6.67
Assume that 2 € CA,, B € CAz and 2 is a generating subreduct of 5.
Then we have:
@ "B is a also a generating subreduct of 98, and the same
applies to every CA,, € such that 2( C € C 9, B.

@ If, in addition, a > w and 2 € Dc,, then 2 = N, B, and hence
MNr,B is then the unique a dimensional generating subreduct of
B.
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We recall from [1] Theorems 2.6.67, 2.6.71-72.

Theorem 2.6.71

Assume a > w, 2 € De,, 2l is a generating subreduct of a CA B, and
€ IIB. Then | = jg%(/ﬂA).

Tarek Sayed Ahmed (Department of Mathem:  Neat embeddings as adjoint situations



We recall from [1] Theorems 2.6.67, 2.6.71-72.
Theorem 2.6.72

Assume > a > w, 2 € De,, B,B’ € CAz and 2 is a generating
subreduct of both 98 and B’. Then there is an h € Is(B, B’) such that
Alh=ATld.
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We quote Henkin, Monk and Tarski in [1]:“It will be shown in Part Il that
for each «, 3 such that 3 > o > w there is a CA, 2 and a CAg B such
that 2( is a generating subreduct of B different from i, B;
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We quote Henkin, Monk and Tarski in [1]:“It will be shown in Part Il that
for each «, 3 such that 3 > o > w there is a CA, 2 and a CAg B such
that 2l is a generating subreduct of B different from 9it,B;in fact, both
21 and B can be taken to be representable.
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We quote Henkin, Monk and Tarski in [1]:“It will be shown in Part Il that
for each «, 3 such that 3 > o > w there is a CA, 2 and a CAg B such
that 2l is a generating subreduct of B different from 9it,B;in fact, both
21 and B can be taken to be representable.Thus D¢, cannot be
replaced by CA,, in Theorem 2.6.67 (ii);
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We quote Henkin, Monk and Tarski in [1]:“It will be shown in Part Il that
for each «, 3 such that 3 > o > w there is a CA, 2 and a CAg B such
that 2 is a generating subreduct of B different from 9it,%B;in fact, both
21 and B can be taken to be representable.Thus D¢, cannot be
replaced by CA,, in Theorem 2.6.67 (ii); it is known that this
replacement also cannot be made in certain consequences of 2.6.67,
namely 2.6.71 and 2.6.72."
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And we quote Henkin and Monk in the introduction of [2]: “Throughout
Part | various “promises" were made about material which would be
found in Part Il. These are located in this volume at the appropriate
places, with the following exceptions, which mainly concern results
whose proofs could not be reconstructed."
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And we quote Henkin and Monk in the introduction of [2]: “Throughout
Part | various “promises" were made about material which would be
found in Part Il. These are located in this volume at the appropriate
places, with the following exceptions, which mainly concern results
whose proofs could not be reconstructed."It turns out that these are 5
(unfulfilled) items, cf. [2]. Item (5) in op.cit. reads:
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And we quote Henkin and Monk in the introduction of [2]: “Throughout
Part | various “promises" were made about material which would be
found in Part Il. These are located in this volume at the appropriate
places, with the following exceptions, which mainly concern results
whose proofs could not be reconstructed."It turns out that these are 5
(unfulfilled) items, cf. [2]. Item (5) in op.cit. reads:

“Cf. Part 1 page 426. We do not know whether, if w < a < 3, there is a
CA, 2 and a CAs B such that 2 is a generating subreduct of B
different from 9ic,8."
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To the best of our knowledge counterexamples to generalizations of
2.6.71-72 in [1] are also unknown.

Tarek Sayed Ahmed (Department of Mathem:  Neat embeddings as adjoint situations



To the best of our knowledge counterexamples to generalizations of
2.6.71-72in [1] are also unknown. We now show that in the above
quoted theorems, D¢, cannot be replaced by RCA,, confirming what
seems to have been a conjecture of Tarski’s, the proof of which could
not be reconstructed by his co-authors Henkin and Monk.
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To the best of our knowledge counterexamples to generalizations of
2.6.71-72in [1] are also unknown. We now show that in the above
quoted theorems, D¢, cannot be replaced by RCA,, confirming what
seems to have been a conjecture of Tarski’s, the proof of which could
not be reconstructed by his co-authors Henkin and Monk. In what
follows, we use the notation of the monograph [1], often without
warning, with the following exception. We write f | Ainstead of A | f to
denote the restriction of f to A.
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Lemma

If o < 3 are any ordinals and L C CAg, then, in the sequence of
conditions (1) - (5) below, (1) - (4) implies the immediately following
one:
(1) Forany € L andB € CAg with2 C MNv,*B, forall X C A
we have Gg* X = M, 659% X.
(2) Forany € L andB € CAg with2 C Mt,B, if
Sg® A =B, then A = Nr,B.
(8) Forany e L andB € CAg with 2 C MMt,B, if
Gg® A = 9B, then for any ideal | of B, 3g® (AN ) = I.
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Lemma

If o < 3 are any ordinals and L C CAg, then, in the sequence of
conditions (1) - (5) below, (1) - (4) implies the immediately following
one:

(4) If whenever 2l e L, there exists x € |AIA such that if
p=(Ax; i <|A]), D = Ftf, CAz and g; = ¢/ Crf CAg,
then Gg”P®{g; : ¢ < |A|} € L, then the following hold:
For2, 2" € L, B,B’ € CAz with embeddings
es: A — N, B and ey : A — N, B’ such that
Sg®ea(A) = B and Sg* ex(A) = B', whenever
i: A — A" is an isomorphism, then there exists an
isomorphism i : B —s B'such thatio ey = ex o i.
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Lemma

Ifa < B are any ordinals and L C CAg, then, in the sequence of
conditions (1) - (5) below, (1) - (4) implies the immediately following
one:

(5) Assume that f = o+ w. Then L has the amalgamation
property with respect to RCA,,. That is for all 2y € L, 24
and 2, € RCA,, and all monomorphisms i; and ir of 2l
into 24, Ao, respectively, there exists 24 € RCA,,, a
monomorphism my from 24 into 2l and a monomorphism
mo from Qs into A such that my o iy = Mo o b.
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Proof. (1) implies (2) is trivial. ]
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Proof. Now we prove (2) implies (3). The proof is similar to [1] 2.6.71.
From the premise that 2l is a generating subreduct of 5 we easily infer
that |Ax ~ a| < w for all x € B. We now have 2 = 9it,B. Now clearly
Jg®(IN A) C I. Conversely let x € I. Then C(ax~a)X IS IN I, B, hence
in 2. Therefore c(ax~a)X € AN . But X < C(ax~a)X, hence the
required. [
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Proof. We now prove (3) implies (4). The proof is a generalization of
the proof of [1] 2.6.72. Let 2,2’ € L, B, B’ € CAz and assume that

ea, ea are embeddings from 2(, 2" into 9t B, N, B’, respectively,
such that 5g®(ea(A)) = B and 6g% (ex (A)) = B, and let

i: A — A" be an isomorphism. We need to “lift" i to 8 dimensions. Let
= |A|. Let x be a bijection from n onto A that satisfies the premise of
(4). Let y be a bijection from . onto A, such that i(x;) = y; for all j < p.
Letp = (A®)x; : j < ), D = §e)CAs, ge = ¢/CriP)CAg forall ¢ <
and ¢ = 6g”™®{g; : ¢ < u}. Then

¢ C NMry,®, C generates ® and by hypothesis € € L. [ ]
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Proof.  There exist f € Hom(®,) and f' € Hom(®©,B’) such that
f(ge) = ea(xe) and f(ge) = ea(ye) for all € < pu. Note that f and f" are
both onto. We now have eaoi~'oey' o (/1 €) = f 1 €. Therefore
Kerf' N &€ = Kerf N €. Hence by (3) Jg(Kerf' N €) = Jg(Kerf N €). So,
Kerf' = Kerf. Let y € B, then there exists x € D such that y = f(x).
Define i(y) = f'(x). The map is well defined and is as required. |
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Proof. = We now prove that (4) implies (5). Let € € L. Let

A,B € RCA,. Letf: € —2and g: € — B be monomorhisms. Then
by the Neat Embedding Theorem, there exist A+, B+, ¢+ € CA,1.
and embeddings e, : A — M AT eg: B — N, B+ and

ec : € — Mr,@T. We can assume that Gg*" ea(A) = 2" and similarly
for B and €T Let f(C)T = &g% ex(f(C)) and

9(C)™ = &g® ep(g(C)). Then by (4) there exist f : ¢+ — f(C)* and
g:¢t = g(C)*" suchthat (es | f(C))of=foecand

(eg | g(C))og=goec. Let K ={A € CA, o, : A= Sg™Ne,2A}. Then
AT, BT and ¢t are all in K. Now by [3] 2.2.12 K has the
amalgamation property, hence there is a ®* in K and monomorphisms
k:At - ®tand h: BT — D suchthatkof=ho g. Let

D =MN,D". Thenkoey: A — Nt,D and ho eg : B — N, D are one
toone and ko eso f = ho eg o g. By this the proof is complete. ]
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Theorem 2 Leta > 1. Let B = a+w. Then (1) - (5) in Lemma 1 are
false for L = RCA,,.

Proof. Using Lemma 1 upon noting that RCA,, fails to have the
amalgamation property [3] and that RCA,, satisfies the premise of (4)

in Lemma 1 when 8 = a + w. ]
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We readily conclude:

We cannot replace Dc,, in 2.6.67 (ii), 2.6.71-72 of [1] by RCA,, when
«a > w. Lemma 1 tells us where to find direct counterexamples, namely
from common subalgebras of algebras in RCA,, that do not
amalgamate.
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All ordinals considered are infinite. Algebras of dimension a will be
denoted by FPA,. We show that every FPA,, is representable, and this
class has the superamalgamation property.

Tarek Sayed Ahmed (Department of Mathem:  Neat embeddings as adjoint situations



For a < 3, the neat « reduct of B € FPA3 denoted by 91,8 is defined
like the polyadic case, except that cylindrifiers are finite. That is

B € FPAg and o < 3 then 2 = 91v,,'B is the FPA,, whose domain is the
set Nt,B={be B: AbC a},where Ab={i € a: cib # b} with
cylindrifiers restricted to o and for 7 € “a, and a € A, s¥a = s¥a where
T=17U /dﬁ,\,a.
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Let2A € FPA,. Then for all 5 2 «, there exists B € FPAg such that
2A C NMeB and for all X C A one has Gg*X = N, Sg” X.
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1 Let (2, o, S) be a transformation system. That is 2[ is a Boolean
algebra and S: (“a, 0) — End(2) is a homomorphism, where
End(2() is the semigroup of all endomorphisms of 2, with the
operation of composition of maps. For any set X, let F(*X,2() be the
set of all functions from ¢ X to 2l endowed with Boolean operations
defined pointwise and for 7 € “aand f € F(*X,2),

s f(x) = f(x o 7). This turns F(* X, ) to a transformation system as
well. The map H : 2 — F(“«,2) defined by H(p)(x) = sxp is easily
checked to be an isomorphism. Assume that 5 2 «. Then

K : F(%a,2A) — F(Pa,A) defined by K(f)x = f(x | ) is an
isomorphism. These facts are straighforward to establish.
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1 F(Pa, ) is called a minimal dilation of F(“a, (). Elements of the big
algebra, or the dilation, are of form s,p, p € F(ﬂa,Ql) where ¢ is one
to one on a. We say that J C / supports an element p € A if
whenever o1 and o, are transformations that agree on J, then
S+, P = Sq,P. NryA, consisting of the elements that J supports, is
called a compression of 2; with the operations defined the obvious
way. If 2l is an % valued / transformation system wih domain X, then
the J compression of [ is isomorphic to a B valued J transformation
system via H : DNeyA — F(YX,2) by setting for f € N 2A and
x €9X, H(f)x = f(y)where y ¢ X'and y | J = x.
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2 Now let o C . If |a| = | 5] then the the required algebra is defined as
follows. Let . be a bijection from 3 onto a. For 7 € 23, let
sr =s,,,1 and for each i € 3 let ¢; = ;. Then this defined
B € FPAz in which 2l neatly embeds via s,
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3 Now assume that |a| < |3| . Let 2 be a given polyadic algebra of
dimension «; discard its cylindrifiers and then take its minimal
dilation B, which exists by the above. We need to define cylindrifiers
on the big algebra, so that 2( = M, B. We let ():

CkS?p = SP‘BJC(p{k}ﬁUa)S%po-[a)p'

Here p is a any permutation. It can be checked that this definition is
sound; it is independent of the choice of p, and is as required.
Furthermore, it defines the required algebra 9. To prove the second
part, abusing notation we write 2 for Sg*X and B for Sg* X. Then
% is a minimal dilation of 2. Each element of B8 has the form sZa for
some a € A, and ¢ a transformation on  such that o | « is one to
one. Then proceed as in the above lemma.
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For 21 € FPA,, a polyadic algebra and 5 > «, a 3 dilation of 2 is an
algebra B € FPA3 such that 2 C 91¢,8. ‘B is a minimal dilation of 2 if
A generates B. Let L = {2 € FPA3 : 5g9t,A = A}. Then

e, : L — FPA, is an equivalence. To prove this, we need a lemma.
For X C A, 3g” X denotes the ideal generated by A:
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Let o < 8 be infinite ordinals. LetB € FPAz and 2 C ,*B.
@ if A generates B then A = Mt B
@ If A generates B, and | is an ideal of B, then Jg®(IN A) = |
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1 Let 2 C M,B and A generates 9 then B consists of all elements
sZx such that x € A and ¢ is a transformation on 3 such that o | a is
one to one. Now suppose x € Nt,&5g> X and Ax C «. There exists
y € 6g*X and a transformation o of 8 such that ¢ | « is one to one
and x = sZ. Let 7 be a transformation of 3 such that
7 | o= Idand (Toa)aCa Then
x=sPx=sPs,y =52 y=s¥_y.
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2 Only one inclusion is non-trivial. Let x € g% (/N A). Then
Clax~a)X € NryB = A, hence in /N A. But X < Cax~a)X, and we are
done.

O]
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The previous lemma fails for cylindric algebras, but it does hold for the
class Dc,’s of so-called dimension complemented algebras.
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Let o < B be infinite ordinals. Assume that 2,2’ € FPA, and

B,B" € FPAg. IfA C Nt B and A C N, B’ and A generates both
then B and B’ are isomorphic, then 8 and 8’ are isomorphic with an
isomorphism that fixes 2( pointwise.
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1 We prove something stronger, we assume that 2( embeds into 91t B
and similarly for 2’. So let 2,2’ € FPA, and 3 > «. Let
B,%B’ € FPAz and assume that e4, e4 are embeddings from 2/, 2’
into N, B, Nt B/, respectively, such that 69%(eA(A)) =3 and
Sg% (ex(A)) =B/, and let i : A — A’ be an isomorphism. We
need to “lift" j to 5 dimensions.
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2 Let ;= |A|. Let x be a bijection from 1 onto A. Let y be a bijection
from 1 onto A, such that i(x;) = y; for all j < p. Let ® = §v,FPAg
with generators (¢ : i < p). Let € = 69" {¢; : i < u}. Then
¢ C NMey,®, C generates ® and so by the previous lemma € = e, D.
There exist f € Hom(®D,B) and ' € Hom(®D,B’) such that
f(ge) = ea(xe) and f(g¢) = ea(ye) for all ¢ < pu. Note that f and £’
are both onto. We now have e4oi~'oey' o (' 1€) =11 ¢.
Therefore Kerf' N € = Kerf N €. Hence by
Jg(Kerf' N €) = Jg(Kerf N €). So, again by the the previous lemma,
Kerf' = Kerf. Let y € B, then there exists x € D such that y = f(x).
Define i(y) = f'(x). The map is well defined and is as required.

D—.B<* A

Ny

B/ A/
ep
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Let21, 2, i, ea en, B and B’ be as in the previous proof. Thenifiis a
monomorphism form 2A to A, then it lifts to a monomorphism i from B
toB'.

Proof.
Consider i : 2 — i(2). Take € = &g™ (exi(A)). Then i lifts to an
isomorphism i — € C B.

B2 A

Py

B <——A
ep
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We assume familiarity with basic concepts in category theory like
functors, natural transformations, adjoint situations.
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Let3 > a. LetL = {2 € FPAg : 2 = Gg*Ne A} LetNe: L — FPA,,
be the neat reduct functor. Then N is invertible. That is, there is a
functor G : FPA, — L and natural isomorphisms . : 1. — G o 9t and
€:MNroG— 1FPAQ-
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Proof.

The idea is that a full, faithful, dense functor is invertible. Let L be a
system of representatives for isomorphism on Ob(L). For each

B € Ob(FPA,) there is a unique &(B) in L such that Mt(G(B)) = B.
G(8) is a minmal dilation of 8. Then G : Ob(FPA,) — Ob(L) is well
defined. Choose one isomorphism eg : Mt(G(B)) — B. If g : B — B’
is a FPA, morphism, then the square

Ne(G(B)) Z— B
eB1ogoeB/l g

N(G(B))—= B’

€B

commutes. O]
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Proof.

By corollary 0.1, there is a unique morphism f : G(B) — G(%') such
that De(f) = e%‘ ogoe. Welet G(g) = f. Then it is easy to see that G
defines a functor. Also, by definition e = (e ) is a natural isomorphism
from Dr o Gto 1gpa, . To find a natural isomorphism from 1 to G o 91,
observe that egy : 9t o G o Ne(A) — Ne(A) is an isomorphism. Then
there is a unique j4 : A — G o Ne(2A) such that Ne(uy) = ef, . O

v
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Since e~ ' is natural for any f : A — 2’ the square

‘J’It(A) Ne(p

A)
Ne(A) —— Nr o Go Nr(A)
‘ﬁt(f)l l‘ﬁtoGo‘ﬁt(f)

Ne(A) ——=Nr o Go Ne(A)

1
€pa =M(par)

commutes, hence the square

A—Gon(A)

fj lGO‘ﬁt(f)

A — GoM(A)

commutes, too. Therefore 1 = (114) is as required. O
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Let 3 be a cardinal, and 2l = FtgFPA,, be the free algebra on 3
generators. Let Xy, Xo C 3, ac 6g*X; and ¢ € 6g* X, be such that
a < c. Then there exists b € 6g™(X; N Xz) such thata < b < c.
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Let a e 6g*X; and ¢ € 6g* X, be such that a < c. We want to find an
interpolant in Gg®(X; N Xz). Assume that « is a regular cardinal

> max(|al,|A|). Let B € FPA, such that 2l = 9,8, and A generates
8. If an interpolant exists in 9B, then an interpolant exists in 2. For
assume that a < b < ¢, where ¢ € Sg¥(X; N Xz). Since 2A generates B
we have |Ax ~ «| < w for every x € B. This can be proved by a simple
inductive argument, with the base of the induction being the elements
of 2L. Then there exists a finite ' C x ~ a such that a < ¢r)b < ¢ and

cryb € M. &g® (X1 N Xo) = g™ % (X1 N Xo) = 6™ (X1 N X2).

Assume seeking a contradiction that no such interpolant exists in 8.
L]

v
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1 Arrange k x 6g%(Xj) and k x 6g%(X,) into x-termed sequences:

((ki, xj) - i € k) and ((l;, i) : i € k) respectively.
Since & is regular, we can define by recursion x-termed sequences:
(ui-ier)yand (vj:i€ k)
such that for all i € k we have:
Ui € kN (AaUAC)UUi<i(AxiUAY)) U{u; - j < it U{vj:j<i}
and

V,'E/i\(AaUAC)UUjS,'(AXjUij)U{Uj:j§f}U{Vjij<i}.

Ol

v
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1 For a boolean algebra ¢ and Y C ¢, we write fI®Y to denote the
boolean filter generated by Y in €. Now let

Yy ={a} u{—cgx + sﬁj.xi i€ w},

Yo ={-clU{—cyi+styi:icuw}
Hy = ST Xy, H, = fBISg" () v,

and
H = fiBISg* XX [(H, 0 &g®(X; N Xp) U (Ho N &9%(X; N Xo)]-

Then H is a proper filter of Gg®(X; N Xz). This is proved by
induction with the base of the induction bieng no interpolant exists in
Sg® (X N X2) Let H* be a (proper boolean) ultrafilter of

G&g®(Xy N X2) containing H.
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2 We obtain ultrafilters Fy and F» of g% X; and &g” X, respectively,
such that
H" CF, H CF

and (**)
FiN6g3(Xi N Xo) = H = Fa N 69 (X N Xa).
Now for all x € 6g®(X; N X;) we have
x € Fyifand only if x € F».

Also from how we defined our ultrafilters, F; for i € {1,2} satisfy the
following condition: (*) For all k < p, for all x € Gg® X; if cxx € F;
then sfx is in F; for some / ¢ Ax.
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2 Let®; = 692‘)(,-. For a transformation 7 € ¢k let 7 = 7 U ld,. ..
Define f; from ©; to the full set algebra ¢ with unit %« as follows:

fi(x) ={r € “k : szx € Fj}, for x € D;

Then f; is a homomorphism by (*). Without loss of generality, we can
assume that X; U Xo = X. By (**) we have f; and f, agree on Xj N X>.
So that f; U f, defines a function on X; U X5, by freeness it follows
that there is a homomorphism f from B to € such that f U f, C f.
Then g € f(a) N f(—c) = f(a— c). This is so because sya = a € F;
Sig(—c) = —c € F,. But this contradicts the premise that a < c.

Ol

v
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@ Every FPA,, is representable as a subdirect product of set
algebras.

@ FPA_, has the superamalgamation property
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Concluding Remarks

Call a system of varieties neat if it is a system of varieties definable by
schemes satisfying the the finiteness generating condition and
satisfying that for all 2 € K, there exists B € K., such that for all

X C A 69*X = 9r,&g” X. Call a system of varieties nice if the neat
reduct functor has a right adjoint, and K, = Kn, = S, K.+, have
SUPAP, and each K, is axiomatized by a finite schema. Is there a
neat or /and nice system of varieties definable by (finitely many)
schemas? (In which case we only rquire that K., is definable by
schemes.) This is a difficult question that lies at the heart of the
process of algebriasation, and is strongly related to the so called
finitizability problem in algebraic logic.
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Concluding Remarks

A finitely axiomatizable variety V which shares the positive properties
of FPA, and Dc,, is that studied by Sain which shows that V has
SUPAP. This is a situation where the positive properties of both
paradigms amalgamate. Dropping the condition of definable by
schemes, and modifying the definitions in the obvious way, such
algebras can be viewed as a system which is both neat and nice. The
system of varieties (FPA,, : « > w) is also nice and neat.
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Concluding Remarks

The neat reduct functor applied to representable cylindric algebras and
some of its closer relatives like quasipolyadic algebras do not even
have a right adjoint; and as it happens such classes of representable
algebras do not have the amalgamation property. tuitive level the
equiavlence defined above shows that for algebras in any infinite
dimension, we have infinitely many spare dimensions , and the
existence of the inverse functor tells us that this really does not take us
out from the former category, since terms definable in these extra
dimensions, are already term definable. This is another way of
expressing definability properties like those of Beth and Craig. For D¢,
we stipulate fom the very start that these spare dimensions exist, we
get many positive results, but we pay the price that the class is not a
variety.
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Concluding Remarks

In FPA,,, and for that matter full polyadic algebras, and their countable
reducts studie by Sain we can actually create extra dimensions,
expressed algebraically by dilations and implemented via deep neat
embedding theorems, which are basically Henkin constructions in

algebraic disguise.
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Concluding Remarks

Another dichotomy betwen the polyadic paradigm and the
cylindric one is that in the former case the neat reduct functor is

an equivalence, while in the latter it does not even have a right
adjoint.
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