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Time to time experiments (MINOS 2007, OPERA 2011, et
.)

suggest that there may be faster than light parti
les.

Question: Does faster than light motion 
ontradi
t Einstein's

relativity theory?

We will investigate this question within a �rst-order logi


frame.
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ial relativity theory.
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FTL motion of observers 
ontradi
ts spe
ial relativity theory.

However, we will see that existen
e of FTL parti
les does NOT


ontradi
t Einstein's spe
ial relativisti
 dynami
s.

We will build up relativisti
 dynami
s in �rst-order logi
,

obtaining axiom system SRdyn and we will see that the

existen
e of FTL parti
les is independent of SRdyn.
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First we build up the kinemati
s of spe
ial relativity theory.

Then we build up the dynami
s of relativity theory.
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First we build up the kinemati
s of spe
ial relativity theory.

Then we build up the dynami
s of relativity theory.

Axiom system SR for kinemati
s 
ontains Einstein's two

original postulates and some auxiliary axioms impli
itly

assumed by Einstein.

Axiom system SRdyn for dynami
s 
onsists of SR and the

axioms for dynami
s of relativity theory, whi
h are some

natural assumptions on 
ollision of parti
les. The axioms


on
ern FTL parti
les, too.
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Relativity theory is axiomati
 (in its spirit) sin
e its birth.

Two informal postulates of Einstein (1905):
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Two informal postulates of Einstein (1905):

Prin
iple of relativity: �The laws of nature are the same for

every inertial observer.�

Light postulate: �Any ray of light moves in the 'stationary'

system of 
o-ordinates with the determined velo
ity 
 , whether

the ray be emitted by a stationary or by a moving body,�
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Relativity theory is axiomati
 (in its spirit) sin
e its birth.

Two informal postulates of Einstein (1905):

Prin
iple of relativity: �The laws of nature are the same for

every inertial observer.�

Light postulate: �Any ray of light moves in the 'stationary'

system of 
o-ordinates with the determined velo
ity 
 , whether

the ray be emitted by a stationary or by a moving body,�

To axiomatize relativity theory within logi
, we need a language

(set of basi
 
on
epts).

Judit Madarász and Gergely Székely Do faster than light parti
les violate spe
ial relativity?



Language: {B, Q, }

B

Q

B ! Bodies (things that move)

Q ! Quantities
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Language: {B, IOb,Ph,Q, }

B

Q

PhIOb

B ! Bodies (things that move)

IOb ! Inertial Observers Ph ! Photons (light signals)

Q ! Quantities

Judit Madarász and Gergely Székely Do faster than light parti
les violate spe
ial relativity?



Language: {B, IOb,Ph,Q,+, ·,≤, }

B

〈Q,+, ·,≤〉

PhIOb

B ! Bodies (things that move)

IOb ! Inertial Observers Ph ! Photons (light signals)

Q ! Quantities

+, · and ≤ ! �eld operations and ordering
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Language: {B, IOb,Ph,Q,+, ·,≤,W, M }

B

〈Q,+, ·,≤〉

PhIOb

W, M

B ! Bodies (things that move)

IOb ! Inertial Observers Ph ! Photons (light signals)

Q ! Quantities

+, · and ≤ ! �eld operations and ordering

W ! Worldview (a 6-ary relation of type BBQQQQ )

M ! Mass fun
tion, M : B× B −→ Q
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W ⊆ IOb× B× Q

4

Q

4

is the 
oordinate system.

W(i , b, x̄) !

� Inertial observer i 
oordinatizes body b at spa
etime lo
ation x̄ .�
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W ⊆ IOb× B× Q

4

Q

4

is the 
oordinate system.

W(i , b, x̄) !

� Inertial observer i 
oordinatizes body b at spa
etime lo
ation x̄ .�

M : IOb× B −→ Q.

m

i

(b) := M(i , b) is the relativisti
 mass of body b a

ording to

observer i .
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world-line of body b as �seen� by inertial observer i

is the set of 
oordinate-points where i �sees� b by W:

wline

i

(b) := { x̄ ∈ Q

4 : W(i , b, x̄) }

event happened at 
oordinate point x for inertial observer i

is the set of bodies �seen� by i at x by W:
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is the set of 
oordinate-points where i �sees� b by W:

wline

i

(b) := { x̄ ∈ Q

4 : W(i , b, x̄) }

event happened at 
oordinate point x̄ for inertial observer i

is the set of bodies �seen� by i at x̄ by W:

ev
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ev
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world-view transformation w

hi

between inertial observers h and i is

the set of pairs of 
oordinate-points 〈x̄ , ȳ 〉 su
h that h and i see

the same event in x̄ and ȳ , respe
tively:

w

hi

:= {〈x̄ , ȳ 〉 ∈ Q

4 × Q

4 : ev
h

(x̄) = ev

i

(ȳ ) }.
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world-view transformation w

hi

between inertial observers h and i is

the set of pairs of 
oordinate-points 〈x̄ , ȳ 〉 su
h that h and i see

the same event in x̄ and ȳ , respe
tively:

w

hi

:= {〈x̄ , ȳ 〉 ∈ Q

4 × Q

4 : ev
h

(x̄) = ev
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(ȳ ) }.
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Under mild assumptions w

hi

: Q4 → Q

4

is a bije
tive fun
tion.
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AxLight :

There is an inertial observer, a

ording to whom, any light signal

moves with the same velo
ity 
 in every dire
tion.

i

t

x

y

p

x̄

ȳ

spa
e(x̄ , ȳ )


 · time(x̄ , ȳ)

∃i

[

IOb(i) ∧ 
 > 0 ∧ ∀x̄ ȳ
(

∃p
[

Ph(p) ∧W(i , p, x̄)

∧W(i , p, ȳ )
]

↔ spa
e(x̄ , ȳ ) = 
 · time(x̄ , ȳ )
)]
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Let F be the set of potential laws of physi
s.

SPRF :

Every ϕ ∈ F potential law of physi
s either holds for every inertial

observer or none of them.

{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.
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Potential laws of physi
s (F) = ???

SPRF :
{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.
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Potential laws of physi
s (F) = ???

SPRF :
{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.

F ⊆ �Formulas expressible in the language of the theory.�
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Potential laws of physi
s (F) = ???

SPRF :
{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.

F ⊆ �Formulas expressible in the language of the theory.�

We need a free variable for the observer on whi
h we will

evaluate the formula.
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Potential laws of physi
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SPRF :
{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.

F ⊆ �Formulas expressible in the language of the theory.�

We need a free variable for the observer on whi
h we will

evaluate the formula.

We do not want more free variables of type bodies.
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Potential laws of physi
s (F) = ???

SPRF :
{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.

F ⊆ �Formulas expressible in the language of the theory.�

We need a free variable for the observer on whi
h we will

evaluate the formula.

We do not want more free variables of type bodies.

We would like to use numbers as parameters.
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Potential laws of physi
s (F) = ???

SPRF :
{

IOb(m) ∧ IOb(k) →
[

ϕ(m, x̄) ↔ ϕ(k , x̄)
]

: ϕ ∈ F
}

.

F ⊆ �Formulas expressible in the language of the theory.�

We need a free variable for the observer on whi
h we will

evaluate the formula.

We do not want more free variables of type bodies.

We would like to use numbers as parameters.

SPR

+
: when F 
ontains all the formulas having only 1 free variable

of type bodies.

Judit Madarász and Gergely Székely Do faster than light parti
les violate spe
ial relativity?



AuxiliaryAxiom :

The stru
ture of quantities 〈Q,+, ·,≤〉 is a Eu
lidean �eld.
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AuxiliaryAxiom :

The stru
ture of quantities 〈Q,+, ·,≤〉 is a Eu
lidean �eld.

AuxiliaryAxiom :

Inertial observers 
oordinatize the same events.
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AuxiliaryAxiom :
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an move with any speed slower than that of light.

Every slower than light straight-line is the worldline of some observer.
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AuxiliaryAxiom :

The stru
ture of quantities 〈Q,+, ·,≤〉 is a Eu
lidean �eld.

AuxiliaryAxiom :

Inertial observers 
oordinatize the same events.

AuxiliaryAxiom :

Inertial observers 
an move with any speed slower than that of light.

Every slower than light straight-line is the worldline of some observer.

AuxiliaryAxiom :

Every Inertial observer is stationary a

ording to himself.

AuxiliaryAxiom :

Inertial observers agree as to the spatial distan
e between two

events if these two events are simultaneous for both of them.

Furthermore, the speed of light is 1.
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Axiom system for kinemati
s of spe
ial relativity theory

SR := AxLight+ SPR

+ + Auxiliary Axioms.
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Some theorems of SR
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Some theorems of SR

Theorem:

SR ⊢ �No inertial observer 
an move faster than light.�
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Some theorems of SR

Theorem:

SR ⊢ �No inertial observer 
an move faster than light.�

Theorem:

SR ⊢ �The worldview transformations between inertial observers are

Poin
aré transformations.�
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Dynami
s

Collisions of parti
les
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An anomaly to be solved:
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b is inertial body iff for every inertial observer i :

wline

i

(b) ⊆ (a straight-line) .
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b is inertial body iff for every inertial observer i :

wline

i

(b) ⊆ (a straight-line) .

b is inertial parti
le iff it is an inertial body and for every inertial

observer i :

m

i

(b) 6= 0 if speed

i

(b) < ∞.
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Axioms for dynami
s

AxColl :

Possible 
ollisions do not depend on the observer.
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Axioms for dynami
s

AxColl :

Possible 
ollisions do not depend on the observer.
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Def:

b

∼=
i

b

′ ⇐⇒ m

i

(b) = m

i

(b′) ∧ velo
ity

i

(b) = velo
ity

i

(b′)
⇐⇒ P

i

(b) = P

i

(b′).
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Def:

b

∼=
i

b

′ ⇐⇒ m

i

(b) = m

i

(b′) ∧ velo
ity

i

(b) = velo
ity

i

(b′)
⇐⇒ P

i

(b) = P

i

(b′).
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AuxiliaryAxiom :

Congruen
e

∼=
i

does not depend on the observer.
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Ax∀Ine
oll :

Any two parti
les 
an be 
ollided inelasti
ally at any 
oordinate

point a

ording to any observer.
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AuxiliaryAxiom :

Relativisti
 masses of slower than light inertial parti
les depend only

on their speeds.
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AuxiliaryAxiom :

Relativisti
 masses of slower than light inertial parti
les depend only

on their speeds.

AuxiliaryAxiom :

On every slower than light straight line there is a parti
le with

arbitrary positive mass.

.
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AuxiliaryAxiom :

Relativisti
 masses of slower than light inertial parti
les depend only

on their speeds.

AuxiliaryAxiom :

On every slower than light straight line there is a parti
le with

arbitrary positive mass.

.

SRdyn := SR+ AxColl+ Ax∀Ine
oll+ Auxiliary Axioms.
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∃FTLip there is a faster that light inertial parti
le.

∃FTLip ∃ i b speed

i

(b) > 1.
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Theorem:

∃FTLip is independent of SRdyn, that is

SRdyn 6⊢ ∃FTLip SRdyn 6⊢ ¬∃FTLip.
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(b) > 1.

Theorem:

∃FTLip is independent of SRdyn, that is

SRdyn 6⊢ ∃FTLip SRdyn 6⊢ ¬∃FTLip.

Proof: M
1

|= ∃FTLip and M
2

|= ¬∃FTLip.
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Theorem:

Assume SRdyn

−
and that masses are positive.
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