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Boolean algebras are representable, but
Cylindric algebras, Polyadic equality algebras not!

Definition

A €CA, is representable if 2 € | Gs,.

(the unit of a Gs, is of the form Uyex *Ux where U;NU; = @, i # j)

(Monk) | Gs, is not finite schema axiomatizable.

Important representable subclasses: Lf,, Dcy,Ss,, etc.
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(Resek) 24 € CAF™ ifand only if A € | (Crs,N CAy).

where

e CAIT : the system of axioms of CA, is expanded by infinitely many
merry-go-round axioms

@ for the unit V of a Crs,, V C “U for some set U

@ Crs: Henkin, Németi, vanBenthem.
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(Resek) 24 € CAF™ ifand only if A € | (Crs,N CAy).

where

e CAIT : the system of axioms of CA, is expanded by infinitely many
merry-go-round axioms

@ for the unit V of a Crs,, V C “U for some set U

@ Crs: Henkin, Németi, vanBenthem.
o Concept of r-representation.

Analogy in Logic: the completeness of the Henkin's semantics.
PROBLEMS:

the infinite schema,

the class Crs,MN CA,.
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(Resek-Thompson-Andréka) A € CA; if and only if A € | D.

where

e CA[: the system of axioms of CA, is expanded by TWO
merry-go-round axioms (MGR) and

axiom Cy is replaced by its weakening (C,)* := djx- cicjx < ¢jcix
where i, j, k and m are different.

o Da = CFS,XQ MOd{C;D,‘j = \/}.
MGR axioms:

sf(sj’sfk kX = sjks{s}( CkX
ki

J m ko om_i
S; Sjsmsk CyX = SJ' SmS; Sk CkX

for distinct ordinals i, j, k and n.
Remark: Andréka’'s short proof, Sayed Ahmed’s new proof (recentl
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The axiom (C,)* is equivalent to ~(C,), where

~(Cy): s}'(s],'nx = s’,.ns}'(x ik &{jm}.

Notation: CNA; (non-commutative cylindric algebras): axiom (C4) is
replaced by ~(C,).

Problem
What is the background (meaning) of the merry-go-round axioms?

o On transposition operators
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The axiom (C,)* is equivalent to ~(C,), where

~(Cy): s}'(s],'nx = s’,.ns}'(x ik &{jm}.

Notation: CNA; (non-commutative cylindric algebras): axiom (C4) is
replaced by ~(C,).

Problem
What is the background (meaning) of the merry-go-round axioms?

On transposition operators

Elementary transposition operator: [/, j] in set algebras.

Abstract transposition operator: pj;.

ks(i, j) = sf-‘sj"-s’,'( (1,4, k are different) is a transposition-like operator
in cylindric algebras.

o REMARK: Not every cylindric algebra has an abstract transposition
operator (Ferenczi, Sayed-Ahmed).
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CONJECTURE: the meaning of MGR is the existence of a kind of
transposition operator.

An equivalent form of MGR:
ks(i,J) ks(j, m)ckx = ks(j, m) ks(m, i)ckx

under the other CNA, axioms if k & {i,j,m},j & {m, i}
(Andréka-Thompson).

A variant of the Resek-Thompson-Andréka theorem:

(Ferenczi) A € CNA, extended by pjj := «s(i, j) is a partial transposition
algebra (PTA,) if and only if A € ID,.
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After the Resek-Thompson-Andréka theorem

CONJECTURE: Transposition algebras are r— representable.

TA, is a weekening of finite polyadic equality algebras (being definitionally
equivalent to quasi-polyadic equality algebras) introduced by Sain and
Thompson:

Definition

(TAy) A transposition algebra of dimension a (« > 3) is an algebra
A = (A, +,, — 0, 1, (o7 S}, Pij, dij>i,j<n¢y

where c;, sj’ pjj are unary operations, d,-j are constants, and the axioms
(FO-F9) below are assumed for every i, j, k < a:
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(FO) (A, +, -, —, 0, 1) is a Boolean algebra, sf =pj=d;j=1Id] Aand

Pij = Pjis
(F1) x <cix,
(F2)  cilx+y) = cixt ciy,
(F3)  sjcix = cix,
(F4) gs}x = sJ"-x .i # J,
(F5)* sj’-jsﬁqx = sfnsj’-x if i,j¢&{k, m} . '
(F6) s and p;; are Boolean endomorphisms (i.e., si(—x) = — s}x, etc.),
(F7)  pijpijx = x,
F8) pijpikx = pjkpijx if i,J, k are distinct, (MGR!
ij jkPij
(F9) p,-'jsj’-x = slx,
(F10) sidj =1,
(

Trivial: the cylindric reduct is r-representable.
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(Ferenczi) A € TA, if and only if A € | Gwt,.

where the unit of a Gwt, is of the form: Uygck “U,Epk) (the difference

between Gwt and Gws!)

THE GEOMETRICAL MEANING OF Gwt,!

The reformulation of the theorem:

The class | Gwt, is finite schema axiomatizable by the TA, axioms.

Stone-type theorem!

e REMARK: | Gws, is not f.s. axiomatizable (the U; 's are disjoint),
but | Gwt, is f.s. axiomatizable (the U; 's are NOT disjoint)

MSI Tech Support (Institute) Slides - Beamer 01/07 10 / 15



(Ferenczi) A € TA, if and only if A € | Gwt,.

where the unit of a Gwt, is of the form: Uygck “U,Epk) (the difference

between Gwt and Gws!)
THE GEOMETRICAL MEANING OF Gwt,!

The reformulation of the theorem:

The class | Gwt, is finite schema axiomatizable by the TA, axioms.

Stone-type theorem!
e REMARK: | Gws, is not f.s. axiomatizable (the U; s are disjoint),
but | Gwt, is f.s. axiomatizable (the U; 's are NOT disjoint)
o PROBLEM: Generalization for polyadic equality algebras?
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(Andréka) A € CNASN Mod {Ax;} if and only if A € | Gy, if a is finite.

where Axjj 1 = x < c,-cj(sj’:cjx . sf:c,-x- IT .sf-‘ sj"- s’,'(ckx) ihj<ua.
k<o, k#i,j
the unit V of a G, is of the form V = Ugeck * Uy where the sets Uy are

arbitrary (the difference between G, and Gs,!) - locally square algebras.

e THE GEOMETRICAL MEANING OF G,!
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(Andréka) A € CNASN Mod {Ax;} if and only if A € | Gy, if a is finite.

where Axjj 1 = x < c,-cj(sj’:cjx . sf:c,-x- IT .sf-‘ sj"- s’,'(ckx) ihj<ua.
k<o, k#i,j
the unit V of a G, is of the form V = Ugeck * Uy where the sets Uy are

arbitrary (the difference between G, and Gs,!) - locally square algebras.

e THE GEOMETRICAL MEANING OF G,!

@ A reformulation of the theorem: The class G, is finite schema
axiomatizable in terms of the above schema.

@ PROBLEM: The generalization for infinite a?
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Definition

(CPE,) A cylindric polyadic equality algebra of dimension « is an algebraic
structure

A= <A, +, -, —, 0,1, ¢, s¢, d,j>

where +, and - are binary operations on A, —, ¢; and s; are unary
operations on A, 0,1 and d;; are elements of A such that for every i, € «,
x,y € A, 0, T € *u the usual polyadic postulates are satisfied.

TE, i jEXK

(Ferenczi) A € CPE, if and only if % € | Gpy®.

where the unit of a Gp,® is of the form: Ukex *U, (the difference
between Gp, ¢ and Gs,!)

e THE GEOMETRICAL MEANING OF Gp,* !
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On the connection of r-representation and neat
embeddability.

The classical theorem:

A € CA, is representable if and only if A € SNr, CAy1 .

Generalization for r—representation:

(Ferenczi)  is r-representable if and only if A € SNryFy .

where F{, , is a many-sorted cylindric-like algebra.

o REMARK: 2l € SNryPEA, o # U is representable!!!
(Daigneault-Monk-Keisler)

MSI Tech Support (Institute) Slides - Beamer 01/07 13 / 15



On the connection of r-representation and neat
embeddability.

The classical theorem:

A € CA, is representable if and only if A € SNr, CAy1 .

Generalization for r—representation:

(Ferenczi)  is r-representable if and only if A € SNryFy .

where Fﬁw is a many-sorted cylindric-like algebra.
o REMARK: 2 € SNryPEA, . # U is representable!!!
(Daigneault-Monk-Keisler)
e BUT: 2 € SNryPEA,w = 2 is r-representable!
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To the memory of Leon Henkin
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