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φ ∨ (ψ ∨ χ)↔ (φ ∨ ψ) ∨ χ x ∨ (y ∨ z) = (x ∨ y) ∨ z
φ ∧ (ψ ∧ χ)↔ (φ ∧ ψ) ∧ χ x ∧ (y ∧ z) = (x ∧ y) ∧ z
φ ∨ ψ ↔ ψ ∨ φ x ∨ y = y ∨ x
φ ∧ ψ ↔ ψ ∧ φ x ∧ y = y ∧ x
φ ∨ (φ ∧ ψ)↔ φ x ∨ (x ∧ y) = x
φ ∧ (φ ∨ ψ)↔ φ x ∧ (x ∨ y) = x
φ ∨ (ψ ∧ χ)↔ (φ ∨ ψ) ∧ (φ ∨ χ) x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)
φ ∧ (ψ ∨ χ)↔ (φ ∧ ψ) ∨ (φ ∧ χ) x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)
φ ∨ ¬φ↔ > x ∨ ¬x = 1
φ ∧ ¬φ↔ ⊥ x ∧ ¬x = 0

�(φ ∨ ψ)↔ �φ ∨ �ψ c(x ∨ y) = cx ∨ cy
�⊥ ↔ ⊥ c0 = 0
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Let
sijφ =def �i(δij ∧ φ) sijx =def ci(dij ∧ x)

φ→ �iφ x ≤ cix
�i¬ �i φ↔ ¬ �i φ ci¬cix = ¬cix
δii ↔ > dii = 1
δij ↔ δji dij = dji
δik ↔ sjiδjk if j 6= i, j 6= k dik = sjidjk if j 6= i, j 6= k
δij ∧ sijφ→ φ if j 6= i dij ∧ cijx if j 6= i

And, for the locally finite case: for all x ∈ A or p a propositional letter,
there is a k ∈ ω, such that for all j ∈ ω, j ≥ k,

p↔ �jp x = cjx

3



4



Let
siφ =def �(δi ∧ φ)

DA1 : δi ↔ s1δi+1

DA2 : siδj ↔ �si+1δj+1

DA3 : siδj ↔ −�−si+1δj+1

DA4 : siφ ↔ −si− φ

And, for the locally finite case: for all j ∈ ω, j ≥ type(φ),

LF ′1 : φ ↔ skkφ
LF ′2 : si0+0 . . . sik−1+k−1φ ↔ �si0+1 . . . sik−1+kφ
LF ′3 : si0+0 . . . sik−1+k−1φ ↔ − �−si0+1 . . . sik−1+kφ
LF ′4 : si0+0 . . . sik−2+k−2 � φ ↔ �si0+1 . . . sik−2+k−1skφ
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(p(vk−1 . . . v0))
m = p, where k = ρ(p)

(vi = vj)
m = si+1dj+1

(−ψ)m = −(ψm)
(ψ1 ∧ ψ2)

m = ψm1 ∧ ψm2
(∃viψ)m = s

j−(i+1)
j csijψ

m

where j = type′(∃viψ)

(p)f = p(vk−1, . . . , v0), where k = ρ(p)
(di)

f = v0 = vi
(−φ)f = −(φf)
(φ1 ∧ φ2)f = φf1 ∧ φ

f
2

(cφ)f = s[j/j−1]s[j−1/j−2] . . . s[1/0]∃v0φf
where j = type′(φf)
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For every t ∈ T , φ ∈ Fmm, ψ ∈ Fmf ,

Mm |=m
t φ iff Mf |=f φf [t]

Mf |=f ψ[t] iff Mm |=m
t ψ

m
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For any φ ∈ Fmm,

`m ((φ)f)m → φ

8



An algebra is a set DA (Ds) algebra if it is of the form:

S{〈P (Uω),∩,−,Tsucc,D0i〉i∈ω+ : U is a set}

where Tsucc(X) = {t ◦ succ : t ∈ X},
D0i = {t ∈ Uω : t0 = ti}.

A set DA algebra A is regular if for every x ∈ A there is a k ∈ ω such
that:

∀t, t′ ∈ 1A((tk−1 . . . t0 = t′k−1 . . . t
′
0)→ (t ∈ x iff t′ ∈ x))
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Let
six =def c(di ∧ φ)

DA1 : di = s1di+1

DA2 : sidj = csi+1dj+1

DA3 : sidj = −c− si+1dj+1

DA4 : six = −si − x

And, for the locally finite case: for all x ∈ A, there is a k ∈ ω, such
that for all j ∈ ω, j ≥ k,

LF ′1 : x = skkx
LF ′2 : si0+0 . . . sik−1+k−1x = csi0+1 . . . sik−1+kx
LF ′3 : si0+0 . . . sij−1+k−1x = −c− si0+1 . . . sik−1+kx
LF ′4 : si0+0 . . . sik−2+k−2cx = csi0+1 . . . sik−2+k−1skx
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Every simple countable locally finite DA is isomorphic to a regular set
DA.

The proof is analogous to the representation proof in AN75.
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