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The main result of the talk is the classification of absorbent-continuous, order-
dense and complete, group-like FLe-chains: Every such algebra can be described as
the twin rotation of a certain BL-algebra and its de Morgan dual (Theorem 5 below).
This theorem largely generalizes the corresponding main theorem of [21, 22] and the
complexity and length of its proof is significantly reduced, too. Further generalization
of this result is not possible; if any of the four assumptions, namely order density,
completeness, the group-like property, or absorbent-continuity is dropped then there
exist algebras with different form than that of Theorem 5.

The main goal of the talk is to demonstrate how underlying geometric ideas and
arguments result in proving such a theorem.

Residuation is a basic concept in mathematics [4]. It is strongly connected with
Galois maps [14] and closure operators. Residuated semigroups have been introduced
in the 30s of the last century by Ward and Dilworth [28] to investigate ideal theory
of commutative rings with unit. Examples of residuated lattices include Boolean al-
gebras, Heyting algebras [26], complemented semigroups [7], bricks [5], residuation
groupoids [8], semiclans [6], Bezout monoids [3], MV-algebras [9], BL-algebras [15],
and lattice-ordered groups; a number of other algebraic structures can be rendered as
residuated lattices. As witnessed by a more recent and flourishing research field, resid-
uated lattices play a crucial role also in the algebraization of substructural logics. A
few examples of substructural logics are classical logic, intuitionistic logic, relevance
logics, many-valued logics, mathematical fuzzy logics, linear logic, along with their
non-commutative versions. These logics had different motivations and methodology,
and it was the theory of residuated lattices, which made possible for the theory of sub-
structural logics to cover all these logics (and many others) by the same motivational
and methodological umbrella [13]. Applications of substructural logics and residuated
lattices span across proof theory, algebra, and computer science.

As for the classification of residuated lattices, as one naturally expects, this is pos-
sible only by imposing additional postulates. A first precursor is due to Hölder, who
proved in [16] that every cancellative, Archimedean, naturally and totally ordered semi-
group can be embedded into the additive semigroup of the real numbers. Aczél used
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tools of analysis to investigate continuous semigroup operations over intervals of real
numbers1 and also found in [1, page 256] the cancellative property2 to be sufficient
and necessary for the existence of an order-isomorphism to a subsemigroup of the ad-
ditive semigroup of the real numbers [1, page 268]. Clifford showed in [10] that every
Archimedean, naturally and totally ordered semigroup in which the cancellation law
does not hold can be embedded into either the real numbers in the interval [0, 1] with
the usual ordering and ab = max(a + b, 1) or the real numbers in the interval [0, 1]
and the symbol∞ with the usual ordering and ab = a + b if a + b ≤ 1 and ab = ∞
if a+ b > 1. For a summary of the Hölder and Clifford theorems, see [11, Theorem 2
in Section 2 of Chapter XI]. Clifford introduced also the ordinal sum construction for
a family of totally ordered semigroups in [10] and proved that every naturally totally
ordered, commutative semigroup is uniquely expressible as the ordinal sum of a totally
ordered set of ordinally irreducible semigroups of this kind. Mostert and Shields gave
a complete description of topological semigroups over compact manifolds with con-
nected, regular boundary in [27] by using a subclass of compact connected Lie groups
and via classifying semigroups on arcs such that one endpoint is an identity for the
semigroup, and the other is a zero. They classified such semigroups as ordinal sums of
three basic multiplications which an arc may possess. The word ‘topological’ refers
to the continuity of the semigroup operation with respect to the topology. In the next
related classification result, the property of topological connectedness of the underly-
ing chain was dropped whereas the continuity condition was somewhat strengthened:
Under the assumption of divisibility34, which is the dual notion of being naturally or-
dered, residuated chains were classified as ordinal sumsof linearly ordered Wajsberg
hoops in [2]. Postulating the divisibility condition proved to be sufficient for the classi-
fication of commutative, integral, prelinear residuated monoids over arbitrary lattices,
see [25], where the authors introduced the notion of poset sum of hoops, a common
generalization of ordinal sum and of direct product. They proved that certain GBL-
algebras embed into the poset sum of a family of MV-chains and that the embedding
is an isomorphism in the finite case. Note that BL-algebras are particular commutative
GBL-algebras. Next, SIU-chains were classified in [23]. Here the authors assume the
existence of a dual isomorphism between the positive and negative cones of the alge-
bra. For SIU-algebras over complete, order dense chains, this condition is equivalent
to postulating divisibility only for the negative cone of the algebra. Next, absorbent-
continuous, order-dense, group-like FLe-algebras over complete, weakly real chains
were classified in [21, 22]. Although absorbent-continuity looks much weaker than
continuity (divisibility) in the negative cone (it only asserts continuity at a subset of the
negative cone whose closure has measure zero if, e.g., [0, 1] is considered), in the case

1Isotonicity of the semigroup operation is not assumed.
2He called it reducible.
3For residuated integral monoids, divisibility is equivalent to the continuity of the semigroup operation

in the order topology if the underlying chain is order dense.
4Divisibility is the algebraic analogue of the Intermediate Value Theorem in real analysis, and for resid-

uated integral monoids over order dense chains, it can be considered as a stronger version of continuity of
the monoid operation than the continuity of it with respect to the order topology. Indeed, divisibility entails
continuity on order dense chains as mentioned in the previous footnote. On the other hand, if the order
topology of the chain is discrete then every operation is continuous but obviously not all operations obey the
divisibility condition.
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of group-like FLe-algebras over complete, weakly real chains the two conditions are
equivalent. All these lead to our main theorem, Theorem 5. None of the conditions of
Theorem 5 can be dropped such that we obtain the same class of algebras.

We shall recall the definitions, which are needed to state our theorem.

- A groupoid (X, ∗◦) is a set X with a binary operation ∗◦.

- A partially ordered monoid (po-monoid in the sequel) is integral (resp. dually
integral) if it has a top (resp. bottom) element which is also the unit element of
the operation.

- A commutative binary operation ∗◦ on a poset (X,≤) is called residuated if there
exists another binary operation→∗◦ on X such that for x, y, z ∈ X , x ∗◦ y ≤ z iff
y→∗◦ z ≥ x.

- Call U = (X, ∗◦,≤, t, f) an FLe-monoid if C = (X,≤) is a poset, (X, ∗◦) is
a commutative, residuated monoid over C with neutral element t, and f is an
arbitrary constant. Call U an FLe-algebra if ≤ is a lattice order. Commutative
residuated lattices are exactly the f -free reducts of FLe-algebras ([13]).

- Call U involutive, if for x ∈ X , (x′)′ = x holds, where x′ = x→∗◦ f . For
involutive FLe-monoids (referring to f ′ = t) one extremal case is the integral
case, that is, when t is the top element and f is the bottom element. The other
extremal case is the group-like case, when t and f coincide: We call an FLe-
monoid group-like, if it is involutive and t = f holds5.

- Define the positive and the negative cone of U by X+ = {x ∈ X | x ≥ t} and
X− = {x ∈ X | x ≤ t}, respectively. Both cones are closed with respect to the
monoidal operation ∗◦; throughout the paper we will denote the negative and the
positive cone operation of ∗◦ by ⊗ and ⊕, respectively.

- A chain is a totally ordered poset. If X is linearly ordered, we speak about
FLe-chains. Call an FLe-monoid semi-linear (or representable) if it can be rep-
resented as a subdirect product of FLe-chains.

- Call U conic if every element of X is comparable with t, that is, if X = X+ ∪
X−.

- Call a semi-linear, bounded, group-like FLe-monoid a SIU-algebra ([23]), if the
negative cone operation is the dual of the positive cone operation with respect to
′, that is, if for x, y ∈ X−, x′ ∗◦ y′ = (x ∗◦ y)′ holds.

- Call U divisible if for x, y ∈ X , x ≤ y, there exists z ∈ X such that x = y ∗◦ z.
BL-algebras are divisible, semi-linear, bounded, integral FLe-algebras with f =
⊥ ([15]). MV-algebras are involutive BL-algebras ([9]). Hoops are divisible,
commutative integral, residuated po-monoids.

5Commutative lattice ordered groups with x→∗◦ y := y ∗◦ x−1 are group-like.
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- We call a group-like FLe-monoid and also its monoidal operation ∗◦ absorbent-
continuous if for all x ∈ X−, the absorbing set {z : z ∗◦ x = x} of x has its least
element.

Definition 1 (Ordinal sum construction) [2] Let (I,≤) be a totally ordered set.
For each i ∈ I let Ai = (Ai, ·i,→i, 1) be a hoop such that for every i 6= i, Ai∩Aj = 1.
Then we can define the ordinal sum as the hoop

⊕
i∈I Ai = (∪i∈I , ·,→, 1) where the

operations ·,→ are given by:

x · y =

 x ·i y if x, y ∈ Ai,
x if x ∈ Ai \ {1}, y ∈ Aj and i < j,
y if y ∈ Ai \ {1}, x ∈ Aj and i < j.

x→ y =

 1 if x ∈ Ai \ {1}, y ∈ Aj and i < j,
x→i y if x, y ∈ Ai,
y if y ∈ Ai, x ∈ Aj and i < j.

If in addition I has a minimum i0 and Ai0 is a bounded hoop, then
⊕

i∈I Ai denotes
the bounded hoop whose operations ·,→i are defined as before, and whose bottom
element is the minimum of Ai0 . Each Ai is called a component of

⊕
i∈I Ai.

Definition 2 (Twin-rotation construction – group-like case) [24] Let (X1,≤)
be a partially ordered set with top element t, and (X2,≤) be a partially ordered set
with bottom element t such that (X,≤), the connected ordinal sum of X1 and X2 (that
is putting X1 under X2, and identifying the top of X1 with the bottom of X2) has an
order reversing involution ′ with fixed point t. Let (X1,≤,⊗, t) be a commutative,
residuated monoid, and (X2,≤,⊕) be commutative, residuated semigroup. Let

U⊕⊗ = (X, ∗◦,≤, t, t)

where ∗◦ is defined as follows:

x ∗◦ y =



x⊗ y if x, y ∈ X1

x⊕ y if x, y ∈ X2 \ {t}
(x→⊕ y′)′ if x ∈ X2, y ∈ X1, and x ≤ y′

(y→⊕ x′)′ if x ∈ X1, y ∈ X2, and x ≤ y′

(y→⊗ x′)′ if x ∈ X2, y ∈ X1, and x 6≤ y′

(x→⊗ y′)′ if x ∈ X1, y ∈ X2, and x 6≤ y′

. (1)

Call ∗◦ (resp. U⊕⊗ ) the twin-rotation of ⊗ and ⊕ (resp. of the first and the second com-
mutative residuated semigroup). It holds true that any conic, group-like FLe-monoid
can be represented as the twin-rotation of its negative cone and a slight modification of
its positive cone, where its bottom element is reset to be zero of the multiplication [24].

Definition 3 [21] For a partially-ordered groupoid (X,≤, ∗◦) over a complete lat-
tice and for x, y ∈ X \ {>} we define

x ∗◦co y = inf{x1 ∗◦ y1 | x1 > x, y1 > y},
x ∗◦Q y = inf{x ∗◦ y1 | y1 > y}.
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A major role in the proof of Theorem 5 is played by the following

Lemma 4 (Reflection Lemma) Let (X,∧,∨, ∗◦,→∗◦, t, f) be a group-like FLe-al-
gebra over a complete, order-dense chain. For > 6= x, y ∈ X ,

(x′ ∗◦ y′)′ = x ∗◦co y = x ∗◦Q y.

Theorem 5 U = (X,∧,∨, ∗◦,→∗◦, t, f) is an absorbent-continuous group-like FLe-
algebra with involution ′ over an order-dense and complete chain if and only if U is
the twin-rotation of a BL-algebra and its de Morgan dual with respect to ′, where the
BL-algebra has components which are either cancellative6 or MV-algebras over two
elements,7 and the BL-algebra cannot have two consecutive cancellative components.

The result is very surprising since quite weak conditions characterise a quite specific
class of algebras. [21, Examples 2 and 3] show that neither absorbent-continuity nor
order density can be dropped from the conditions of Theorem 5. The lexicographic
product of the totally-ordered additive groups of integers and real numbers forms an
absorbent-continuous, densely-ordered, group-like FLe-chain which is not complete,
and is an example showing that completeness cannot be dropped either8. The operation
x ∗◦ y = min{0, x + y − 1} over the real unit interval [0, 1] is an example for an
absorbert-continuous, not group-like involutive FLe-algebra over a complete and order
dense chain. Therefore, Theorem 5 is in its sharpest possible form.
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