On the almost everywhere
convergence of two-

dimensional Cesaro means
on the 2-adic additive group

[LONA SIMON
Unwversity of Pécs, Hungary

GYORGY GAT
College of Nyiregyhdza, Hungary

4th Workshop on Fourier Analysis and related fields
2013, Budapest.



1. MOTIVATION AND HISTORICAL BACKGROUND

1923, Riesz: If f € L'([0,1]) and « > 0, then ¢%f — f a.e. (n — 00).

In 1939, Marcinkiewicz and Zygmund proved that the Fejér means o!f of the
trigonometric Fourier series of two variable integrable functions converge almost
everywhere to the function if the ratio of the indices of the means remain in some
positive cone around the identical function as they tend to infinity.

1935, Jessen, Marcinkiewicz and Zygmund for trigonometric Fourier series of two
variable functions: If f € Llog™ L o, ,,,f — f a.e. (minn,m — o).

Results with respect to the characters of the 2-adic additive group:
1997, Gét: If f € L', then ol f — fae. (n — c0).
Gét: If f € L! and o > 0, then 02f — f ae. (n — c0).



2. BASIC NOTIONS AND TOOLS

Consider the unit interval I := [0, 1),

the cartesian products N> := N x Nand [* .= x L.

Denote the 1- and 2-dimensional Haar measure of subsets £ C I and F C I? by
p(E) = |E| and po(F) = |F|.

Set Z .= {[p/2", (p+1)/2") | p,n € N,0 < p < 2"} the set of dyadic intervals.

Let Z? := {I? =1, x I, | I, I, € Z, |I| = |I»|} denote the collection of dyadic
squares.

The dyadic expansion of x € I is

o0
T = Z In2_(n+l),
n=0

where ,, € {0,1}. If z is a dyadic rational, that isz € {5z :p,n € N, 0 <p <
2"}, we choose the expansion which terminates in 0 ’s.



The dyadic maximal function of an f € LY(I”) is defined by

) () = sup — \ / f‘ (ceP,je{1,2).
I ()

m [ In()

Furthermore the dyadic Hardy space H(IV) := {f € L*T) | |fllz = |l <
oo}

The 2-adic sum of a,b € Iisa+b := >, $,2- "D wwhere bits g, S, €
{0,1} (n € N) are defined recursively as follows: ¢_1 := 0, a,+b,+¢,—1 = 2¢,+ Sy
for n € N. The group (I, 4) is called the group of 2-adic integers.



Set

Ty g7
von(x) = exp (2m (?+"'2n31)) (x €el,n €N),

_H Ugi'

where n € N has dyadic expansion n = Zi:() n;i2' (n; € {0,1}(i € N)).
Denote by

and

\ n—1
i) — /Hf@nd)\, D= ka

k=0
the Fourier coefficients, and the Dirichlet kernels.

Denote by K¢ the (C, ) kernel for & € R and n € N:

> 4, Ag:<o‘+1)(o‘+lj)"'(o‘+k) (o —k).

The (C, a) Cesaro means of the integrable function f is

AQZAQ iSi(y /f VK (y—x)dp(z) = fxKT (neNjyel).




Define the two-dimensional character system (v,,, n € N?), Dirichlet kernel functions
and for a, 3 € R the Cesaro kernel functions on I? as the Kronecker products of
the one-dimensional functions:

Un(®) = Uy (21)Uny(%2),  Dn(®) := Dn, (1) Dny(2)
K%P(z) .= Kg‘l(:cl)KgQ(:cg) (z = (21, 22) € I2,n = (ny,ny) € N?).
Now, the two-dimensional Fourier coefficients, the n-th rectangular partial sum of
the Fourier series and the n-th (C, &) means of f € L}(I?) are
Note, that 0% _f(y) = f * (K5, < K&)

n,m2



3. CESARO SUMMABILITY

Theorem 1. Let o, 3 > 0, f € Llog™ L(I?). Then we have a.e. convergence
agﬁf — f as m,n — oo.

Consider the one-dimensional maximal operators

op f =suplo, fl,
neN

g / | F K (@ — )| dutu

neN

5 = sup | / Fl)| K@ — w)|du(w)|

neN
Lemma 2 (Gét). The operator ol f is of type (H, L), of type (LP, LF) (p > 1)
and of weak type (L', L), furthermore ||K%||; < C,.
Lemma 3 (Gét, I. Simon). The operator o f is of weak type (L', L1).
Lemma 4 (Gat, I. Simon). The operator o®f is of weak type (L', L').

Consider the two-dimensional maximal operator o2 f := sup 0% f|.
n,meN 7



Lemma 5 (Gat, I. Simon). There is a constant C' > 0 such that

C - C
BN ({(z,y) € I o fSE (f € HY(I?), A >0).
Proof: Let us consider f, : I — C, f,(v) = f(u, v) and

VK (y — v)du(v)

(uw €T

gy(u) =

that is, g,(u) = . Now,

ﬁﬂfxy




Let us use the one-dimensional Haar measure
m(y) = p({z € 1: (62° f)(z,y) > A}).

Now, (3) and Lemma 2 implies:

mly) < ul{e € 1: (0°)(@) > A}) < S gyl
Thus,

Gy 12 (020 1)(z,y) > A}) = /m \uula <—/wwmm>

=—//gy )du(y)du(x) = 1.
Now, by Lemma 1 we have

/Hgy(ﬂf)du(y) = /H(Uffx)(y)du(y) = |lo? falli < Csll follr = Call FFll = Call £l
[

Proof of Theorem 1: A usual density argument and Lemma 3 implies the proof.
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