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1. Motivation and historical background

1923, Riesz: If f ∈ L1([0, 1]) and α > 0, then σαnf → f a.e. (n→∞).

In 1939, Marcinkiewicz and Zygmund proved that the Fejér means σ1nf of the
trigonometric Fourier series of two variable integrable functions converge almost
everywhere to the function if the ratio of the indices of the means remain in some
positive cone around the identical function as they tend to infinity.

1935, Jessen, Marcinkiewicz and Zygmund for trigonometric Fourier series of two
variable functions: If f ∈ L log+L σ1n,mf → f a.e. (minn,m→∞).

Results with respect to the characters of the 2-adic additive group:

1997, Gát: If f ∈ L1, then σ1nf → f a.e. (n→∞).

Gát: If f ∈ L1 and α > 0, then σαnf → f a.e. (n→∞).
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2. Basic notions and tools

Consider the unit interval I := [0, 1),

the cartesian products N2 := N× N and I2 := I× I.
Denote the 1- and 2-dimensional Haar measure of subsets E ⊆ I and F ⊆ I2 by
µ(E) = |E| and µ2(F ) = |F |.
Set I := {[p/2n, (p + 1)/2n) | p, n ∈ N, 0 ≤ p < 2n} the set of dyadic intervals.

Let I2 :=
{
I2 = I1 × I2 | I1, I2 ∈ I, |I1| = |I2|

}
denote the collection of dyadic

squares.

The dyadic expansion of x ∈ I is

x =

∞∑
n=0

xn2−(n+1),

where xn ∈ {0, 1}. If x is a dyadic rational, that is x ∈ { p2n : p, n ∈ N, 0 ≤ p <
2n}, we choose the expansion which terminates in 0 ’s.
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The dyadic maximal function of an f ∈ L1(Ij) is defined by

(1) f ∗(x) = sup
m

1

|Im(x)|

∣∣∣∣ ∫
Im(x)

f

∣∣∣∣ (x ∈ Ij, j ∈ {1, 2}).

Furthermore the dyadic Hardy space H(Ij) := {f ∈ L1(Ij) | ‖f‖H := ‖f ∗‖1 <
∞}.
The 2-adic sum of a, b ∈ I is a + b :=

∑∞
n=0 sn2−(n+1), where bits qn, sn ∈

{0, 1} (n ∈ N) are defined recursively as follows: q−1 := 0, an+bn+qn−1 = 2qn+sn
for n ∈ N. The group (I,+) is called the group of 2-adic integers.
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Set
v2n(x) := exp

(
2πı
(xn

2
+ · · · x0

2n+1

))
(x ∈ I, n ∈ N),

and

vn :=

∞∏
i=0

vni
2i
,

where n ∈ N has dyadic expansion n =
∑∞

i=0 ni2
i (ni ∈ {0, 1}(i ∈ N)).

Denote by

f̂ (n) :=

∫
I
fvndλ, Dn :=

n−1∑
k=0

vk

the Fourier coefficients, and the Dirichlet kernels.

Denote by Kα
n the (C, α) kernel for α ∈ R and n ∈ N:

Kα
n :=

1

Aα
n

n∑
i=0

Aα−1
n−iDi, Aα

k =
(α + 1)(α + 2) · · · (α + k)

k!
(α 6= −k).

The (C, α) Cesàro means of the integrable function f is

σαnf (y) :=
1

Aα
n

n∑
i=0

Aα−1
n−iSi(y) =

∫
I

f (x)Kα
n (y−x)dµ(x) = f∗Kα

n (n ∈ N, y ∈ I).
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Define the two-dimensional character system (vn, n ∈ N2), Dirichlet kernel functions
and for α, β ∈ R the Cesàro kernel functions on I2 as the Kronecker products of
the one-dimensional functions:

vn(x) := vn1(x1)vn2(x2), Dn(x) := Dn1(x1)Dn2(x2)

Kα,β
n (x) := Kα

n1
(x1)K

β
n2

(x2) (x = (x1, x2) ∈ I2, n = (n1, n2) ∈ N2).

Now, the two-dimensional Fourier coefficients, the n-th rectangular partial sum of
the Fourier series and the n-th (C, α) means of f ∈ L1(I2) are

Note, that σα,βn1,n2f (y) = f ∗ (Kα
n1
×Kβ

n2
).
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3. Cesaro summability

Theorem 1. Let α, β > 0, f ∈ L log+L(I2). Then we have a.e. convergence
σα,βn,mf → f as m,n→∞.

Consider the one-dimensional maximal operators

σα∗ f := sup
n∈N
|σαnf |,

σαf := sup
n∈N

∫
I

∣∣∣f (u)Kα
n (x− u)

∣∣∣dµ(u)

σ̃αf := sup
n∈N

∣∣∣ ∫
I

f (u)
∣∣∣Kα

n (x− u)
∣∣∣dµ(u)

∣∣∣.
Lemma 2 (Gát). The operator σα∗ f is of type (H,L), of type (Lp, Lp) (p > 1)
and of weak type (L1, L1), furthermore ‖Kα

n‖1 ≤ Cα.

Lemma 3 (Gát, I. Simon). The operator σ̃αf is of weak type (L1, L1).

Lemma 4 (Gát, I. Simon). The operator σαf is of weak type (L1, L1).

Consider the two-dimensional maximal operator σα,β∗ f := sup
n,m∈N

|σα,βn,mf |.
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Lemma 5 (Gát, I. Simon). There is a constant C > 0 such that

(2) µ2({(x, y) ∈ I2 : σα,β∗ f > λ}) ≤ C · Cβ
λ
‖f‖] (f ∈ H](I2), λ > 0).

Proof: Let us consider fu : I→ C, fu(v) := f (u, v) and

gy(u) := sup
m

∣∣∣∣ ∫
I

f (u, v)Kβ
m(y − v)dµ(v)

∣∣∣∣ (u ∈ I)

that is, gy(u) = (σβ∗fu)(y). Now,

|(σα,βn,mf )(x, y)| =
∣∣∣∣ ∫
I2

f (u, v)Kα
n (x− u)Kβ

m(y − v)dµ(v)dµ(u)

∣∣∣∣ ≤
≤ sup

n

∫
I

∣∣Kα
n (x− u)

∣∣ (sup
m

∣∣∣∣ ∫
I

f (u, v)Kβ
m(y − v)dµ(v)

∣∣∣∣)dµ(u) =

= sup
n

∫
I

∣∣Kα
n (x− u)

∣∣ gy(u)dµ(u) = (σαgy)(x).

Thus

(3) (σα,β∗ f )(x, y) ≤ (σαgy)(x) (x, y ∈ I).
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Let us use the one-dimensional Haar measure

m(y) := µ({x ∈ I : (σα,β∗ f )(x, y) > λ}).

Now, (3) and Lemma 2 implies:

m(y) ≤ µ({x ∈ I : (σαgy)(x) > λ}) ≤ C

λ
‖gy‖1.

Thus,

µ2({(x, y) ∈ I2 : (σα,β∗ f )(x, y) > λ}) =

∫
I
m(y)dµ(y) ≤ C

λ

∫
I
‖gy‖1dµ(y) =

=
C

λ

∫
I

∫
I
gy(x)dµ(y)dµ(x) = I1.

Now, by Lemma 1 we have∫
I
gy(x)dµ(y) =

∫
I
(σβ∗fx)(y)dµ(y) = ‖σβ∗fx‖1 ≤ Cβ‖fx‖H = Cβ‖f ]‖1 = Cβ‖f‖].

�

Proof of Theorem 1: A usual density argument and Lemma 3 implies the proof.
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