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ABSTRACT. When we represent Z¢ as a finite disjoint union of translated integer sub-
lattices, the translated sublattices must possess some special properties. We call such a
representation a lattice tiling. We develop a theoretical framework, based on multiple
residues and dual groups. We prove that in any such lattice tiling of Z¢, if p is a prime
and p* divides the determinant of one translated sublattice, then p® also divides the de-
terminant of (at least) one of the other translated sublattices. We also investigate the
question of when a lattice tiling must possess at least two translated sublattices which are
translates of one another, and we give in general dimension a sufficient condition in terms
of cyclic lattices.

1. INTRODUCTION

1.1. Overview. Suppose we decompose the integer lattice Z? into a finite, disjoint union
of integer translates of sublattices of Z%. We call such a decomposition of the integer lattice
a lattice tiling. Given a lattice tiling, what can be said about the structure of the translated
sublattices? For d = 1, an interesting question was posed by Erdds, namely whether there
are always at least two arithmetic progressions (1-dimensional translated sublattices) which
are translates of each other. Newman and Mirsky gave a classic but unpublished proof of
the affirmative answer to this question, which combined combinatorial number theory with
an analysis of generating functions, and was given almost immediately after it was posed
by Erdés.

Extending these notions to higher dimensions, we say that a lattice tiling has the transla-
tion property if at least two of its translated sublattices are integer translates of each other.
To motivate the results of this paper, we focus on the following three questions:

Question 1.1. What are some natural and general necessary conditions for the existence
of a lattice tiling?

Question 1.2. In any general dimension d, are there some nice sufficient conditions for a
lattice tiling to have the translation property?

Question 1.3. For d = 2, is there a lattice tiling which does not have the translation
property?

In the process of trying to answer these questions, we develop some analytic tools which
may be of independent interest. These tools involve generating functions associated to sub-
lattices of Z?, residue calculus of holomorphic functions of several variables [12], and some
elementary considerations. In the recent paper [6], the translation property for higher di-
mensional lattice tilings was considered from a discrete Fourier perspective. The translation
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property for dimension d > 1 was apparently first considered in another unpublished man-
uscript, this time an MIT Master’s thesis by A. Schwartz [11], using purely combinatorial
methods.

Although Question 1.3 remains open, we show that any potential counterexample to it
must be large in the sense that there must be a lattice whose determinant is divisible by
the squares of at least two primes. Using a brute force computer program we have shown
that there is no counterexample if all the lattices have determinants bounded from above
by 36.

On the other hand, for any dimension d > 3, there are counterexamples in [6] that show
that there are 4 lattice translates which form a lattice tiling of Z%, but which do not have
the translation property. We discuss these examples in Section 7 and classify all possible
translation-free tilings that consist of at most four lattices.

1.2. Terminology and notation. We now provide concise definitions of notions that will
be used throughout the paper.

We call £ a lattice if it is a finite index subgroup of Z4, of full rank. The index of £ in Z¢
is called the determinant of L. Throughout the article, we write d—dimensional vectors in
bold, to distinguish them from scalars. Thus any vector v has coordinates (v1,...,v4), and
we furthermore write v > 0 if vy,...,v5 > 0. We write 0 := (0,...,0) and 1 := (1,...,1).

Suppose now that z = (z1,...,24) € C¢ and v = (v1,...,vq) € Z% We define
Xz(v) =2z)" ...z € C.

Although it is not technically traditional, and such a homomorphism is sometimes called a
quasi-character in algebraic number theory [7], we shall refer to X, simply as a character.
For a lattice £ C Z%, we call a complex point z € C? a dual point of L if X,(v) = 1 for all
v € L. We write

T = {(21,...,24) € C%: |z1| = -+ = |2q| = 1}.

Each element z € T¢ ¢ C? gives us a character (in the standard sense) over Z¢; that is,
it provides a homomorphism from Z? to S* given by v ++ X,(v). Since a point z € T? is a
dual point of £ if and only if X, restricted to £ is trivial, we see that the dual points can
be regarded as characters on the finite abelian group

Gr:=7%c,

which we call the group of the lattice. We note that all the coordinates of a dual point have
modulus 1. We also say that a character has finite order if each z; is additionally assumed
to be a root of unity, a condition tantamount to saying that the image of p, is finite. It is a
standard fact that the dual points form a group, known as the Pontryagin dual to G, and
it is particularly useful that this group is isomorphic to G,. We call this group CA?E. We
clearly have

IGr| = |G| = det L.
For any integer vector v € Z¢, we call the discrete set of vectors
v+ L:={v+w|weLl}

a lattice translate of L. The vector v will be referred to as a translate vector. Thus, a
more formal description of a lattice tiling is the existence of a collection of (d—dimensional)
lattices L1, ..., L, and translate vectors vi, ..., v, € Z% such that

n

Utvi + L3 =27,

j=1
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and such that {v; + £;} N {v; + £;} = 0 for all i # j. In other words, for any w € Z? there
exists a unique j € {1,...,n} such that w —v; € L;.

1.3. Statement of results. We first remark that if vi +2L4,...,v,+ L, are the translated
sublattices of any lattice tiling, then for all ¢, j we must have

(1.4) ged(det £;,det £;) > 1.

Although this particular result may be thought of as a warm-up, we give a formal proof of
(1.4) in Proposition 2.5, in section 2.1. In dimension 1, this was most likely already known
by Mirsky and Newman and is an elementary fact. One of our main results is the following
necessary arithmetic condition on primes dividing the determinants of the lattice translates
in any lattice tiling.

Theorem 1.5. If we have a lattice tiling, and if there is a prime p such that p* divides
the determinant of one of the lattice translates, then p* divides the determinant of another
lattice translate.

We give the proof of Theorem 1.5 in Section 6.3. We call a lattice £ a cyclic lattice if the
dual group G is a cyclic group. To give an answer to question (1.2), we have the following
result, stated in terms of cyclic lattices.

Theorem 1.6. If we have a lattice tiling such that the lattice translate with largest deter-
minant is cyclic, then our lattice tiling has the translation property.

In dimension 2 we can prove a stronger condition, made precise in Theorem 6.4. Finally,
the following necessary and sufficient condition for a lattice tiling to exist, which we call
the character formula, is a basic tool that we use often in our proofs.

Theorem 1.7. Let X, be any character of finite order then we have a lattice tiling with the
lattice translates vi + L1, ..., vy + Ly if and only if

Xz(vi) )1, dfz=(1,...,1)
det£; |0, otherwise.

(1.8)
J: zeécj

The ‘only if” part of Theorem 1.7 is stated and proved in Proposition 5.10. The ‘if” part
is Theorem 5.16.

We also address the problem of classifying tilings without the translation property, which
we call translation-free lattice tilings, and Lemma 7.1, Proposition 7.2, and Proposition 7.3
in section 7 together give a complete classification of all lattice tilings that consist of at
most four lattice translates.

1.4. Historical overview. Note that equation (1.8) is a basic relation between roots of
unity, with rational coefficients. Indeed, the 1-dimensional case has been extensively studied
using vanishing sums of roots of unity over the rationals. In dimension 1, a lattice tiling is
also known in the literature as a Disjoint Covering System (DCS). Paul Erdés initiated the
study of covering systems in general (which means that the arithmetic progressions may
not necessarily be disjoint, see [5]), and Erdés credits the beautiful proof of the translation
property that we have defined above, for dimension 1, to an unpublished paper by Mirsky
and Newman, and independently to an unpublished paper of Davenport and Rado. Many
interesting papers have since been written about the 1-dimensional case of lattice tilings,
and for more background, including some fascinating results on vanishing sums of roots of
unity, the reader may refer to [2], [3], [4], [9], [10], [13].

There was a related question in the context of a general finite nilpotent group G. Suppose
that such a group G is partitioned into some cosets of some of its subgroups. Then the
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conjecture, known as the Herzog-Schonheim conjecture, was that at least two of the cosets
must have the same index. The Herzog-Schonheim conjecture was solved in 1986, in the
paper [1].

Since a lattice tiling may also be thought of as a covering of the group Z¢ by a finite
disjoint union of cosets of subgroups of Z¢, it then follows from [1], in our abelian group
setting, that any lattice tiling must contain at least two lattice translates of the same de-
terminant. In other words, there are two lattice translates that must have the same volume
for their fundamental domain. But almost any other question about these fundamental
domains remains open.

Finally, we mention that Paul Erd6s himself has been quoted as saying in 1995 that
“Perhaps my favorite problem of all concerns covering systems”.

Acknowledgements. We thank Professor Krzysztof Przeslawski for bringing the Master’s
thesis [11] to our attention. The project was started when M.B. and S.R. were visiting Renyi
Institute in Budapest. We would like to thank the Renyi Institute for their hospitality. The
authors S.R. and D.N. would like to thank the University of Warsaw for their hospitality,
where this project was continued.

2. LATTICES, GENERATING FUNCTIONS, AND CHARACTERS

2.1. The tiling condition.

Definition 2.1. A tiling vi + L1,...,v, + £, of Z% splits if {1,...,n} can be partitioned
into 1 U...UI, with k > 1, [I;| >0for j =1,...,k, |[1| > 1 so that for any j =1,...,k

the union

U {vi+ L}

i€l
is another lattice translate. Otherwise a tiling is called primitive. This definition merely
captures the intuition that one might like to generate more complex lattice tilings by starting
with a simple one, and splitting one of the existing lattice translates into new “coarser”
lattice translates.

Lemma 2.2. Assume that £ C Z% is a lattice with det £ = p, for p a prime. Fiz any
integer vector v ¢ L. Then we have span{L,v} = Z<.

Proof. Let T be the lattice generated by £ and v. Since v ¢ £, we have £ C T C Z¢ and
the index of 7 in Z? is therefore a proper divisor of p. We conclude that det7 = 1 and
hence T = Z¢. O

Proposition 2.3. If we have det Ly = p with p a prime for some k then the tiling either
splits or all the lattices in the tiling are equal to L.

Proof. Assume that det £1 = p and translate the tiling if necessaray so that vi = 0. By
this assumption, we have £ N (v; + £;) = 0 for all i > 1, so that v; ¢ span{L;, L;} and
hence span{Ly,£;} € Z?. From Lemma 2.2, we conclude that £; C £ for all i > 1 and
this implies v; + £; lies in the translate of £; under v;.

Since Z?/L; is a group with p elements, it is isomorphic to Z/pZ. Let us fix an iso-
morphism Z¢/L£; — Z/pZ and define 7: Z¢ — 74/L, 5 Z/pZ as a composition of the
projection map with this isomorphism. For any k € {0,...,p — 1}, we define the subset of
indices

Io={ie{l,...,n}: w(v;) = k}.
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The union
U {Vi + ;Ci}
i€ly,
is equal to 7~ 1(k), therefore it is a translate of £;. If for some k, || > 1, we have a

splitting. If for all £ we have |I;| = 1, this means that all the lattices are isomorphic to
L. O

Lemma 2.4. Assume that the lattices L1,. .., L, have coprime determinants, i.e.
ged(det Ly, ..., det £,,) = 1.
Then the lattice £ generated by | J L;, over the integers, is isomorphic to Z2.

Proof. Let L be the lattice generated by L4, ..., L,. Repeating the argument in Lemma 2.2,
we see that det £ | det £; for 1 < i < n. Thus we have det £ | ged(det £4,...,det L) =1
and consequently £ = Z<. O

Proposition 2.5. Let vi + Lyq,...,vp + Ly, be a lattice tiling. Then for any i and j we
have ged(det £;, det L;) > 1.

Proof. Assume that ged(det £1,det £5) = 1. By Lemma 2.4, £1U Ly generate Z¢ and so any
integer vector v € Z% can be written as wi; — wo for wy € £1 and wy € Lo. Representing
vy — v1 in this form, we have vi +wy = vo + wa € (vi 4+ L£1) N (va + L2) # 0. We obtain a
contradiction. O

2.2. Generating functions. We define one of our main objects of study, namely a gener-
ating function that is attached to each lattice translate of a lattice tiling.

Definition 2.6. Let v + £ be a lattice translate, so that £ is any integer sublattice of Z¢
and v is an integer vector. We define its generating function by

Or(z) = Z Xz (W) = Z w2,

weL+v weLl+v
w>0 w>0

Note the important fact that we are restricting our summation to the positive orthant.
This makes the series absolutely convergent for all z = (z1, ..., zq) such that |z;| < 1 for all
1 < j <d. Our next step is to give an algorithm of computing © and to show that © is in
fact a rational function on C?. To this end we introduce another definition.

Definition 2.7. Let £ be a lattice. We define t¢1,...,t5 as the minimal positive integers
such that (0,...,0,t;,0,...) € L. These integers are called the polar values of L.

Example 2.8. Assume that £ is a lattice in dimension 2 spanned by the vectors (a,b) and
(¢;d). Let us define @ = ged(a, ¢) and b = ged(b, d), moreover o' = a/a, ¢’ = c/a, b’ = b/b
and d’ = d/b. Then it is routine to see that
lad — be| |ad — be]
=0, =2
a

It easy to see that if (a,b) and (¢, d) span £, then the determinant of £ is |ad — be|. Hence

the polar values divide the determinant, a fact that we can prove in any dimension.

Lemma 2.9. The polar values divide the determinant.

Proof. Let e; = (1,0,...,0). The fact that ¢; is a polar value means that ¢t1e; € £ and for
any k=1,...,t; — 1, ke; ¢ £. Consider the subgroup of Gz = Z%/L spanned by the image
of e1. We see that its order is ¢1, so it divides the order of G . O
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Lemma 2.10. Let S be the half open cube

(2.11) S={(z1,...,2q): 0 <z <t}
Then we have
(2.12) w(SnL) = A2t

'  det L

Proof. Let (v1,...,vq) be a basis of £ C Z%, and consider the map J: R? — R? defined by
(2.13) J(ml,...,xd) =1V + -+ TqUq.

Then J is a linear map and J(Z?%) = £. Let T = J~(S). Then T is a half-open paral-
lelepiped with integral corners. We have

vol S - tl...td

detJ  detl '

#(SNL)=#(TNZY =vol(T) =
O

Proposition 2.14. Let v + L be a lattice translate and tq,. .., tq be the polar values of L.
Then

RY(z)
Or(z) = )
)= =
where
(2.15) R'(z)= > Xg(w).

weSN(v+L)

Proof. Let Lg be the lattice spanned by vectors (¢1,0,...,0),..., (0,...,tq). It is clear that

1
Ocsle) = T =

Now we have

v+L= | A{w+Lsh
weSN(v+L)

Hence
RY(z)
BTG — 2l

@g—ZX @55

weSs
O

Remark 2.16. If the lattice translate is in fact a lattice, i.e. if v = 0, then we write R(z)
instead of RY(z). This will be used later in Lemma 3.4.

Example 2.17. Consider a lattice £ = 2Z x 2Z U [(1,1) + 2Z x 2Z] = {(z,y): v + y =
0 mod 2}. The generating function of the lattice 2Z x 2Z is clearly m We get

therefore
142y

1—-a?)(1-y?)
Example 2.18. Assume that £ is spanned by vi = (4,1) and vo = (2,3). Then ¢; = 10

and to = 5. In this example we see that S N L = {(0,0), (4, ) ( 2),(2,3),(6,4)} (the
marked points on Figure 1). Hence R(z,y) = 1 + 2ty + 22y + 2ty0 + 2445,

@L(-ﬁ,]/) =
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1./ [T/ /-
7 iy e
10/ —— / J_i-= /
7/ e
9 I =" 8 O
=5 / == 7
8 i’/ / L= ,
- / == /
7 / 5 )
/ L= 7 7
6 == / Vi /=
/ 2 / / -
5/, —— / Vi /- /
/ 7 e
4 / 4 === /
/ = 7 e
3 /- / A /
2f = =
e @
1 RIS L 7
— / =77
OA/ 4 == /
0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

FIGURE 1. A lattice spanned by (4, 1) and (2,3). Here the polar values are
t1 = 10 and to = 5. See Example 2.18.

3. MORE ON DUAL POINTS AND CHARACTERS

Let us recall from the introduction that z € C? is called a dual point of £ if X,(w) = 1
for all w € L. The following “orthogonality relation” for the characters X, is well-known,
but as it is crucial to our proofs, we include the proof for the sake of completeness.

Lemma 3.1. Let £ C Z¢ be a lattice with a basis v1,...,vq and the fundamental paral-
lelepiped P = {\vi+ -+ Agvg : 0 < Ny <1} C R Ifz = (21,...,24) is a dual point
different from 1 = (1,...,1), then

Z Xz(v) = 0.

vEZINP

Proof. Observe that the elements of P NZ¢ are in one-to-one correspondence with elements
of the quotient group Z?/L and X,(v) can be regarded as the evaluation of the character
given by z on the element v € Z?/L. This character is non-trivial because z # 1. Now we
use the standard fact that the average of a non-trivial character over a compact group (in
particular over a finite group) is zero, and we are done. [l

Example 3.2. Assume that v; = (4,1) and vo = (2,3). The points in P are (0,0),
(1,1), (2,1), (3,1), (2,2), (3,2), (4,2), (3,3), (4,3) and (5,3); see Figure 2. We con-
sider z = (e,¢), where ¢ = ¢*™/5. Then X, has the following values at these points:
€02, 83 et e eV el e, and 3. The sum is clearly 0.

The next result will also be very useful for us. We first prove it for lattices, namely when
the translation vector is (0,...,0).

Proposition 3.3. Suppose that z = (z1,...,24) € C? satisfies zfl == Z‘i =1andz is
not a dual point of L (the t; are the polar values). Then R(z) = 0.

Proof. By definition z is a dual point of the lattice Lg, defined to be the integral span of
the vectors (¢1,0,...,0),..., (0,...,0,t;7). The map J defined in (2.13) induces the dual
map J*: T? — T¢ by the formula

Xjez(V) = Xz (JV).
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FIGURE 2. The points in the paralelliped P for the lattice spanned by (4, 1)
and (2, 3).

Let y = J*z, T = J 1(Ls) and P(T) the fundamental parallelepiped of 7. By definition,
J* maps dual points of Lg to dual points of J~1(7). We have

R(zt,..za) = Y Xa(m)= D Xg(Jv)= Y Xy(v).
meSnL veP(T) veP(T)
Now y is a dual point of T, but y # 1, otherwise z would be a dual point of £. The result
follows by applying Lemma 3.1. U

We shall generalize Proposition 3.3 in the following way.

Lemma 3.4. Let L be a lattice with polar values (t1,...,tq). Suppose that z = (z1,...,2q)

satisfies zfl =...= sz = 1. Then for any translate vector v we have

RY(z) = X4(v)R(z).
Proof. Let S be a cube as in (2.11). We split the sum (2.15) as follows.

R'(z)= > Xa(W)+ D Xg(w)
we(v+L)NS we(v+L)NS
w—veS w—V¢gS

The first term is the same as
Xz(v) ) Xg(w).

uelns
utves

For the second term, observe that if w — v ¢ S, then there exists a unique element u’ € Lg
such that w — v —u’ € S. Writing Hence we obtain

Z Xz(w) = Z Xz(u+v—1u).

we(v+L)NS uelns
w—vgS utvgs

Now we note that Xz(u+ v —u’) = Xz(v)Xz(u)Xz(—u’), but X,(—u’) = 1 because of the
assumptions on z. Thus

RY(z) = X»(v) § Xz () + X2 (v) E Xz (1)
ueLns ueLns
u+ves ut+vgs

and the proof is finished. O

We finish this section with another important result, whose proof follows immediately from
Pontryagin duality.
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Lemma 3.5. Assume that £ C Z% is a lattice and v € Z%\ L. Then there exists a dual
point z € G such that X5(v) # 1.

Corollary 3.6. If we are given two lattices L1 and Lo and each dual point of L1 is a dual
point of Lo then Lo C Ly. In particular, if Go, = Gz, as subgroups of T9, then L1 = Lo.

Proof. Assume that v € L2\ £1. Then there exist a dual point z of £; such that X,(v) # 1.
But as z is a dual point of Lo by assumption, we get X,(v) = 1, a contradiction. (Il

4. AN EXPLICIT COMPUTATION OF THE DUAL GROUP

We recall that a lattice £ is called cyclic if G ¢ is a cyclic group. In this section we first
show that for any given integer lattice £, the dual group Gz can be given as the zero set
of a natural collection of polynomial equations, which are in fact the collection of factors
in the denominator of ©(z). Then, in Theorem 4.5 we give a general characterization of
a cyclic lattice in terms of the coordinates of its basis vectors. In the case of 2-dimensional
lattice tilings, this characterization is particularly simple and will be especially useful for
us in the ensuing sections of the paper.

Suppose we have a lattice £ C Z¢, with a basis consisting of the integer vectors v1, ..., vq.
Upon choosing a basis of Z¢ we may write each vector v, for 1 < k < d in the form

Vi = (N1k, N2 ks - - N k)

We want first to characterize the characters of £. Recall that these are elements z € C¢,
such that for any v € £ we have X,(v) = 1. Since X, can be regarded as a homomorphism

from £ to C*, clearly z € C? is a character if and only if for any k = 1,...,d we have
Xz(vg) = 1. Writing z = (21,...,24) the latter condition translates into a system of d
polynomial equations in the variables z1, ..., z4:

(4.1) 2y =

over all 1 <k <d.

We define the matrix N = {n;;}, whose columns are the basis vectors of the lattice
L, and note that N is invertible. We denote its determinant by det N = A. Clearly
Gy = 7Z%/N - Z%. Note that changing a basis of £ corresponds to multiplying N from the
left by an unimodular matrix U;. On the other hand, changing a basis of Z¢ amounts to
multiplying N from the right by an unimodular matrix Us. Clearly the groups Z¢/N - 74
and Z*/U;NU, - Z¢ are isomorphic.

Let M = {M; ;} be the adjugate matrix of N, namely the matrix defined by the relation
M? = A - N—!. The entries of M are the determinants of the various (d — 1) x (d — 1)
minors of N, and are in this case integers.

Lemma 4.2. There are exactly A distinct solutions to the system of polynomial equations
(4.1), and they are given by

e%(llMl,l‘F'“‘HdMl,d)

21
2 e & (L Mag++a Mo, q)
Zd o A (LM, 1++aMa,q)

as the lg vary over the integers.
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Proof. We take logarithms of both sides of (4.1), where we use the multi-valued complex
log function, which gives us log(1) = 0+ 2mil, for all I € Z. We thus get, for each 1 < k < d:

(4.3) niklog(z1) + noklog(ze) ... ng i log(zq) = 2mily

We must take into account all possible branches of the multi-valued log function when
applying the log to a product of complex numbers, so that using log(zg4) = Log(z4) + 2mimg
gives us:

ni,1Log(z1) + ni,1(2mimy) ng1Log(zq) + ng1(2mimg)

(4.4) n12Log(z1) + ni2(2mimy ) ng2Log(zq) + ng2(2mimg) B

R 2mily
’ . ’ ) . 2mily
ny gLog(z1) + n1q(2mimy) +---+ ngqlog(zq) + ngq(2mimg)

We may rewrite (4.4) as follows:

Log(z1) + 2mimy

. l
Log(z2) + 2mimsg i L

A

Log(zq) + 2mimq la

We finally arrive at Log(zx) + 2mwimy = % (M1 + -+ -+ 1gMjy q4), so that

2k = 6%(11Mk,1+'“+lde,d).

Theorem 4.5. L is a cyclic lattice if and only if gcd(My,1, M12,...,Mgq) =1

Proof. Using Smith normal form for the ring of integer matrices, we can find two unimodular
matrices Uy and Us such that U NU; = A is a diagonal matrix with diagonal entries
satisfying a;11 | a; for 1 <7 < d—1. It is moreover known that the product ag_g41---aq is
equal to the greatest common divisor of all £ x k£ minors of the matrix N for all 1 < k < d.
The lattice generated by A now has dual group Z,, ®Zg, ®- - - ® Z,,, which is isomorphic to
G c. Thus, L is cyclic if and only if ap = 1 and this is equivalent to the arithmetic condition
ng(MLla .. ;Md,d) =1. ]

In particular, it follows immediately from Theorem 4.5 that if £ C Z? is spanned by (a, b)
and (¢, d), then it is cyclic if and only if ged(a, b, ¢, d) = 1.

5. RESIDUE CALCULUS

5.1. Residues of generating functions. Assume now that we have lattices £q,..., L,
in Z?%. Denote the polar values of the lattice £; by ti1,-..,tiq. Assume that there exist
non-negative vectors vy, ..., v, such that we have the lattice tiling
(5.1) vi+ L1} U{va+ Lo} U - U{v,+ L} =729,

‘ {vi+ Li}n{v;,+L;} =0 for i # j.

Let ©; be a generating function of v; + L;.
Lemma 5.2. We have the following equality of rational functions, with z = (z1,...,24):

- 1
= e =
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Moreover, the identity (5.3) is equivalent to the condition that vi+L1, ..., vy, + Ly, provide
a lattice tiling of Z.%.

Proof. The right hand side of (5.3) is the generating function for the tiling consisting of a
single lattice Z%. Let us choose z such that |zj| < 1 for all j. By the tiling condition we
have

(5.4) D XaW) =D > Xu(w),

wezd Jj=1wev;+L;

w>0 w2>0
where we use the fact that we can change the summation order of absolutely convergent
power series. Equation (5.4) is equivalent to (5.3) for z such that |z;| < 1, see Definition 2.6.
Both sides of (5.3) are rational functions agreeing on an open subset of C%, so they are equal.
It is also clear that (5.4) implies the tiling condition. O

We now fix some z € C%. Consider a torus T = {u € C%: |z; —u1| = ... = |2q — ug| = €}
for £ > 0 sufficiently small. Equation (5.3) implies that

" du
(5.5) ;/T@j(u)du:/T(1_u1)m(1_w).

Here du = duj A ... A dug is the volume form on 7' (note that (5.5) can be regarded as
comparison of multidimensional residues, see [12]). We want to study the integrals appearing
on the right hand side of (5.5). To this end recall that by Proposition 2.14 that we can
write

R;(z)
ei(z) = ti1 tidy’
(I—z") (1 —2,)
where
Ri(z)= Y Xz(v).
ves;,Nv;+L;
Lemma 5.6. For any j = 1,...,n, the integral
/ Rj(u) Ju
T (1 —ufhy. (1= )

~ _ N\ d
is zero unless z € Gr;. In the latter case it is equal to (dthWle- Xz (v +1).

Proof. As R; is analytic at z, we have

Rj(u) 4— R(z du
57 /T(l S (1 )/T (1 =) (1= ug)

d d
But
d
T (1 — uij’l) ... (1 — ufij’d) k=1 lur—21|=¢ 1-— u::j’k
By Goursat’s lemma the integrals on the right hand side vanish unless zij == z(tj 4 =1,
So assume that zij’l == sz’d = 1. Since for any zo € C and any integer m > 0

d:U ;17:_21‘0 dZ o 2 .730
1 _m = Z 1_.m = —4Tl—,
|x—x0|=¢ x |z—1|=¢ z m
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we have
n .
du —2mi)?
(58) H K — = ( ) Z1...2d-
1 —ubr ot t;
1 Y lue—2k|=e 1 —uy gl byd
Given that zij’l == zflj’d = 1, to compute R;(z) in this case we use Proposition 3.3

and Lemma 3.4. We get R;(z) = 0 unless z is a dual point of L;. In this case, by Lemma 3.4
we have

tj1.--tjd
(5.9) R;(z) = ]deTXz(V])
Substituting the R; from (5.9) and the integral from (5.8) into (5.7) we conclude the proof.

O
We now combine Lemma 5.6 with Lemma 5.2 to obtain our main technical result.
Proposition 5.10. Let z be a dual point of L1. Then we have

Xz(Vj) . 1, le =1
det £; 10 otherwise.

(5.11)
7 zeégj

Proof. Consider (5.5). On the right hand side we obtain 0 if z # 1; if z = 1, the integral is
(—27r7j)d. The integral on the left hand side is computed using Lemma 5.6. The proposition
follows immediately. O

From Proposition 5.10 we can deduce an immediate corollary.

Corollary 5.12. Assume that z is a dual point of L; and z # (1,...,1). Then there exists
at least one other L; such that z is also a dual point of L;.

Proof. If z belongs only to Gg , then the right hand side of (5.11) is detvl) # 0, and we
obtain a contradiction. n

Example 5.13. Consider the four lattices £; = (2Z x 2Z x Z), Lo = (2Z X Z x 27),
L3=(Zx2Zx2Z)and L4 = (2Z x 2Z x 2Z) U (1,1,1) + ((2Z x 2Z x 2Z). 1t is known that
(1,0,0) + L1, (0,0,1) + Lo, (0,1,0) + L3 and L4 tile Z3. We have
21 I z3
1—2)1—25)(1—25)  (1—2f)(1—2)(1— 23
n 22 n 1+ 212023 _
I-=z)(1—23)(1—235)  (1—27)(1—23)(1—25)

_.I_

_ 1
(1= z)(1 = 2)(1 — z3)°

The dual point are respectively

Li: (1,-1,1), (-1,1,1), (~=1,—1,1)
Ly (1,1,-1), (— 1,1,1),( 1,1,-1)
Ls: (1,1,-1), (1,-1,1), (1,—-1,-1)

Ly (1,-1,-1), (—1,1,—1), (-1,-1,1).

We see that each point (+1, +1, £1) different from (1,1,1) and (=1, —1, —1) occurs precisely
twice.

Corollary 5.14. Assume that the point z # 1 is a dual point of the lattice L; and L; and
no other lattice. Then det £; = det L;.



LATTICE TILINGS OF Z¢ BY TRANSLATED INTEGER SUBLATTICES 13

Proof. By (5.11) we get
Xz<vi) XZ(vj) -0
det £; det Ej '
But the numerators are roots of unity, so the denominators, both being positive integers,
must agree. ]

Corollary 5.15. We have the following relation

SN
LI
; det L;
Proof. Apply (5.11) with z = 1. O

This “density” result, which shows that the sum of the densities is always 1, can also be
proved in an elementary way. Namely, we observe that the number of integer points of £;
in a cube [N, N]¢ is equal to (2N)?/det £; + O(N~1). We can now prove Theorem 1.6
from the introduction.

Proof of Theorem 1.6. Indeed, let z be an element in G ¢, of maximal order equal to det £;.
By Proposition 5.12 there exists 7 > 1 such that z € @Lj- But then the whole group
spanned by £ lies in G c;, hence G c, C G ;- By maximality of det £1 we have G £y = G L
Now Corollary 3.6 implies that £, = L. O

5.2. Sufficiency of the residue condition. We will show now that the conditions given
by Proposition 5.10 are sufficient for the tiling. More precisely, we have the following result.

Theorem 5.16. Let vi+L1, ..., vo+L, be translate lattices in Z¢ with generating functions
O1,...,0,. Suppose that for any z € T¢ we have the relation (5.11) then the lattices tile
A

Remark 5.17. If z is not a dual point of any of lattices, then (5.11) is an empty relation.
Therefore it is enough to check (5.11) only in finitely many places.

Proof. We shall strive to prove that ©q,...,0, satisfy (5.3). In the following, for a poly-
nomial P in variables z1,..., 24, we write deg;, P as the degree in variable k.

Observe that each generating function ©; vanishes at infinity. More precisely, if we fix
Z1y-++s2ky .-+, 2q such that for any m # k, zomd 1 (where t,,; denotes the m-th polar
value of ©;), we have lim,, o ©;(21,...,24) = 0. This is a direct consequence of the fact,

that deg;, RY <tmi. In particular if we define
1
(1—21)...(1—2zg)’
then © also vanishes at infinity. We can write © in the following way.
_ R(z)
B Q1(z1) ... Qd(zd)7
where R is a polynomial in z1,..., 24 and Q,, is the least common multiplier of zimt —
1,...,ztmd — 1. Notice that Q,, is square free. The asymptotics of © implies that
(5.18) deg;, R < deg Q.

Now we use the residue condition (5.3). We claim that if uy, ..., uq are such that Q1(u1) =
o= Qq(ug) =0, then R(uy,...,ug) =0. In fact, R(ui,...,uq) is then proportional to the
residue of the form O(z)dz at uy,...,uq. But this residue is zero by the assumption of the

O(z) =01(z) + -+ Oy(z) —

O(z)
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theorem. In fact, if u = (u1,...,uq) is not a dual point of £;, then the residue of ©;(z)dz
at u is zero (see proof of Lemma 5.6), if it is a dual point of some lattices, then we use
(5.11).

By induction we shall show that for any k, and any ugy1, ..., uq such that Qg1 (ukr1) =
-+ = Qq4(ug) = 0 we have

R(z1, ..y 2k Ugs1,---,uqg) =0 as a polynomial in zq,. .., 2k

The induction assumption (for & = 0) is done. Now suppose we have proved it for k& — 1.
The polynomial

Pk(zl, ey Rk—1, Zk) = R(Zl, vy Ry Uk+1y - - - ,’U,d>
vanishes for z; = wuy for any uy such that Qg (ug) = 0. Hence Py is divisible by (zx — wy) -
... (2 —wy), where wy, ..., w; are roots of Q. Since Q) is square free, we have | = deg Q.

But deg, P, < deg Q. The only possibility is that P, = 0.
The statement for k& = d implies that R is identically zero. This is equivalent to (5.3),
and the proof is finished. O

Remark 5.19. The above proof is a generalization of the fact that if a rational function on
C has only simple poles, vanishes at infinity and has residue 0 at each pole, then it is equal
to zero everywhere. One could express the above proof in the language of multidimensional
residues, but we wanted the proofs to be accessible to non-experts.

6. DUAL POINTS AND LATTICE TILINGS IN DIMENSION 2

6.1. Characterisation of dual groups in dimension 2. Theorem 4.5 tells us that a
two-dimensional lattice £ generated by v; = (a,b) and v = (¢,d) is cyclic if and only if
ged(a, b, ¢,d) = 1. The quantity e = ged(a, b, ¢,d) does not depend on the choice of basis
and we will call it the multiplicity of L.

It follows from the Smith Normal Form (see Section 4) that we have an isomorphism,
namely G £ = Ze ® Zgerc . Furthermore e?|det £. In particular, if det £ is square free, the

lattice is necessarily cyi:lic.

In more than two dimensions, the cyclicity is more subtle and the groups G £ might be
more complicated. For example, the lattice spanned by (2,0,0), (0,2,0) and (0,0,2) has
the group Z/2Z & 7./27 & Z/27.

To stress the difference between the two-dimensional case and the higher dimensional
one, we first prove a simple result.

Lemma 6.1. Let £ and Lo be two sublattices of Z? with equal multiplicities e1 = ex = e.
Assume that there is a common vector w = (a,b) € L1 N Ly such that ged(a,b) = e. Assume
also that det L1 = det Lo, then we have L1 = Lo.

Proof. Rescaling the two lattices by the factor 1/e we can assume that e = 1. Let w = (a,b)
and vi = (c1,d1), va = (c2,d2) be two vectors such that (w,v;) spans £; and ad; — be; =
det £;, i = 1,2. The equality of determinants implies that

a(d; — da) = b(c1 — c2).

As ged(a,b) = 1, we infer that there exists k € Z such that ¢; — co = ka, di — dy = kb.
This means that vo = vy + kw. In particular vo € L1, so Lo C Ly. Precisely the same
arguments prove that £1 C Lo. O

Remark 6.2. The proof does not work if we do not assume that ged(a,b) = e. For example
consider £1 = 2Z x Z and Lo = 7Z x 27Z. Then (2,2) € L1 N Ly and det £1 = det L2 = 2, but
L1 and L4 are different. In the language of dual points and dual groups we can reformulate
Lemma 6.1 as follows.
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Corollary 6.3. Let us be given two lattices L1 and Lo with the same multiplicity e and
determinant A. Assume that there exists g1 € G, and go N Gr,, both of order AJe, such
that g¢ = g5. Then L1 = Ls.

Proof. Let g = g¢ = g5 = (21,22) € T2. Consider the two integer lattices %El and %El.
They both are cyclic, have determinant A/e? and admit g as a common dual point. Now
g also has order A/e?, hence it is a generator for both G1 c, and Gi, . So we must have
G 1p, = G 1.,- The result follows easily by applying Corollary 3.6 and then rescaling to the
original lattices. U

6.2. Tilings in dimension 2. In this subsection we assume that we are given lattices
vi + L1,...,Vp + L, which provide a lattice tiling of Z?. Let us reorder the lattices in the
following way.

(a) If i < j, then é det L; > é det £;. In other words, the maximal cyclic subgroup of

G ¢, has at least the same order as the maximal cyclic subgroup of G L
(b) If i < j, but e%det L= é det £;, then det £; > det ;.

Theorem 6.4. If the number e is of the form p” for p a prime, then the tiling has the
translation property.

Proof. We set o =det L;/e;. Let z € G £, be an element of order a. We define a sequence
1 =n1 <ng <--- < ns of indices such that z belongs to G, ,...,Gc,, and to no other
lattice. To shorten the notation we will write L7, vf instead of L, vy,.

The maximum order over all elements in G cz is det L% /ef. By the ordering condition we

have det L7 /ef < a. But G cz contains the element z of order a. Hence det L7/ef = a.
Lemma 6.5. There cannot be two indices ny, and n;, ny # n; such that ef = ef.

Proof. If this were the case, the lattices £7 and L7 would have the same determinant and
multiplicity and would share an element z of order equal to the order of each lattice. By
Corollary 6.3 we obtain that £% = L7, so there exists a translate. O

Let us apply now Proposition 5.10 to get the following equation

S
Xz(V7)
6.6 — =0,
(6:6) PR
k=1
where we wrote det £ = ae}. Now the expression X, (v§) is a root of unity. Let us note
ar = Xz (VE) TIX,(VE).
We denote by g the minimal positive integer such that af =1 for all k = 1,...,s. Equation
(6.6) takes the following form:

s

(6.7) Yy %o

k=1 k
We use now the following lemma.

Lemma 6.8. Suppose that there exists a prime q an integer I > 0, and an index k €
{1,...,s} such that ¢'|e%. Then there exists k' € {1,...,s}, k' # k such that q|€%,.
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Proof of Lemma 6.8. Assume the contrary, so that there exists a unique k such that ql]ez.
Let B be the least common multiplier of €7, ...,e% and By, = B/e}. By assumptions of the
lemma, for any n # k we have ¢|B,, and q [Bj.

Equation (6.7) can be now rewritten as

(6.9) Bi+ Y Bpe™ =0,
n#k

where ¢ is a root of unity of order g, v, € {0,...,9 — 1} and a, from (6.7) is equal to
€™ Ya;. The expression on the left hand side is a polynomial in €. Let us denote this
polynomial by P(g). By assumption on Bj, ..., B; we have.

P(e) = Br + qQ(e),

where @ is a polynomial with integer coefficients.

Now, let H be the minimal integer polynomial for a g-th root of unity. It is a monic,
symmetric polynomial. Since P(¢) = 0, H divides P. Since H is monic, the quotient
R = P/H € Z|z] has integer coefficients. We end up with the following relation in the ring
Z|x]:

(6.10) By 4+ qQ(z) = R(z)H (x).

Let us now reduce this equation modulo q. We get By, mod g = (R mod ¢)(H mod ¢), where
H mod ¢ has positive degree (because H is monic) and By Z 0 mod ¢q. This cannot hold,
for either deg(R mod ¢) > 0 and the r.h.s. has positive degree, or R = 0 mod ¢ so the Lh.s.
must be zero. O

Remark 6.11. We point out that Lemma 6.8 works without any assumption on the existence
of a translate. It is a direct consequence of Proposition 5.10, that is of the tiling condition.
The result is valid also in higher dimensions, if we define e as the quotient of determinant
over the order.

Conclusion of the proof of Theorem 6.4
We apply now Lemma 6.8 to ¢! = p" = e = e;. We find another index k£ > 1 such that
plef. But ef < e; = p" by the tiling condition, so we must have ef = e;. But this is
excluded by Lemma 6.5.
O

6.3. Proof of Theorem 1.5. Suppose that vi +L1,...,v,+ L, provide a tiling of Z¢. For
each 1 <t < n, we denote by g; the maximal order of all of the elements in £;. We also set
[T det Et/gt-

Suppose p* with k& > 0 divides det £;. It follows that p®|g; and p®|e; for some non-negative
integers such that a +b = k. It is easy to see that a > 0. Let us choose an element z € G Lq
of order p® and assume that z € @f:k with £ = 1,...,r for some r. Proposition 5.10 implies

that
-
>
j=1

We act as in the proof of Lemma 6.8. We write X,(v¥) = €% for some root of unity of
order p”, multiply the equation by the least common multiplier of the det £%’s and reduce
modulo p. The theorem quickly follows. O

Xz(V?%) 0
det L% e
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7. TRANSLATION-FREE TILINGS WITH A FEW LATTICES

We call a tiling translation-free if it does not have the translation property. In this section
we show that the counterexample in dimension 3 given in [6] is minimal.

Lemma 7.1. There is no translation-free tiling with three or less lattices.

Proof. Obviously, there is no translation-free tiling with two lattices. Suppose now that
there is a translation-free tiling with three lattices £1, Lo and £3. We may assume that
det £1 > det Lo > det L3. By Corollary 5.15, we have

1 n 1 N r

det £ det Lo det L3 a

If det L3 = 2, then vy + £1 and vy + Lo provide a tiling of 2Z x 741 by Proposition 2.3,
hence £y :AEQ. So suppose det L3 = 3. But then det £1 = 3 and det L9 = 3, in particular
the group G, is cyclic. By Theorem 1.6 there must exist a translate. O

1.

Proposition 7.2. A translation-free tiling with four lattices has det L1 = det Lo = det L3 =
det L4 = 4.

Proof. Again assume that det £1 > det Lo > det L3 > det L4. As before, if det £4 = 2, then
L1,Lo and L3 tile 27 x Z4~ 1, and this tiling is non-special by Lemma 7.1. Assume that
det L4 = 3. By Proposition 2.5, 3 must divide det £1,det Lo and det L3. Let d; = %det L;.

We must have
1 1 1

P
which is possible only if d3 = 1 and d; = dy = 2. But then the group @51 has order 6,

hence it is cyclic, so there is a translate.
Now since we have shown that for i = 1,...4, det £; > 4 we have

2,

1 1 1
<1
det £ + det Lo + det L3 + det L4 —
with an equality det £; = det Lo = --- =det L4 = 4. O

We can fully classify all translation-free tilings with four lattices. It turns out that
the lattice tiling given in Example 5.13, which appeared in [6], completely captures all
translation-free tilings of Z? with exactly 4 lattice translates.

Proposition 7.3. Suppose T is a lattice tiling of Z¢ with exactly 4 lattice translates, and

d > 3. Then T does not have the translation property if and only if it is given by the lattice
translates:

L1 =27 x 27 x 7 x 7273 +(1,0,0,0,...,0),

Lo =27 x 7 x 27 x 7973 +(0,0,1,0,0,...,0),

L3 =17 x 27 x 27 x 7973 +(0,1,0,0,0,...,0),

and
Ly =27 % 27 x 27 x Z53 U {27 x 2Z x 27 x 7373 + (1,1,1,0,0,...,0)}.

Proof. We know that det £1 = --- = det L4 = 4. If any of the groups égl, cee @54 is cyclic,
then by Theorem 1.6 we conclude that the tiling is translation-free. Hence, all the groups
are isomorphic to Zo X Zso.

Let g1 and g9 generate @gl. By Proposition 5.12 we infer that there exist j7 > 1 such
that ¢1 € @[;j. We shall first show that this j is unique. Indeed, the three elements g1, go

and g1 + g2 have the property that any two generate G £,- Thus, if two of them belong, say,
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to G r,, it follows that G L) = G r, hence £ = Lo. So they lie in separate groups. As there
are three groups to choose, each of those elements appears precisely once.

A straightforward extension of the above argument shows that there exist three elements
g1, 2, g3 € T¢, all of order 2 and with g1 + g2 # g3, such that

Ge, ={1,91,92.91 + g2}
G, ={1, 91,93, 1 + g3}

(7.4) N
Gr, =1{1,92,93,92 + g3}

Gr, =1{1, 01 + 92,91 + 93,92 + g3}

It is now straightforward to construct an automorphism A*: T¢ — T¢ which maps g; to
(-1,1,...,1),¢92to (1,—1,1,...,1) and g3 to (1,1, —1,1,...,1). The dual map A: Z¢ — 74
maps then the lattice £1 to 2Zx2ZxZ¥2, Lo t0 2Zx 7 x 2Zx 2373, L3 to Zx 27 x 27 x 743
and L4 to (27 x 27 x 27 + ((1,1,1) + 27 x 27 x 27)) x 7373, O

8. OPEN QUESTIONS
We end with some open questions which arise naturally from the results above.

Problem 8.1. For dimensions d > 2, give a necessary and sufficient condition, in terms of
the arithmetic of the lattice translates, for a lattice tiling to possess the translation property.

We call a lattice tiling primitive if it is not a split tiling. In other words, a primitive
lattice tiling is a tiling that we cannot form by splitting any previously formed tiling which
had a smaller number of lattice translates.

Problem 8.2. Given any positive integer n, is there always a primitive lattice tiling with
exactly n lattice translates?

And, of course, perhaps the most surprising state of affairs is that Question 1.3 from the
introduction, concerning two dimensional lattice tilings, remains open.
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