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How much a bilipschitz map can spiral ?

.

how fast! <P how often!
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BILIPSCHITZ MAPS

FQO—>Q. QcC L >

I
L1z wl < Ifiz) — fw)| < LIz —w]

no stretching spiralling possible

log |f(z) — f(z0)| _ | g:D— D

z—zy  log|z — zp|

a(zp) = lim
| , g(z) = z|z|"
dimy(f(E)) = dimy(E)
g is L-bilipschitz &
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K. Q. Fredvichs anwiversary 18sue

Rotation and Strain”

FRITZ JOHN

f(Z) = Z, |Z| = |

—

L-bilipschitz

f(z) = ze'V1°8)  |z| =

John: |y <Ce, L=1+4¢
“stability” + BMO




John’s problem
"how fast’”

—

John: |y <Ce, L=1+4¢

Freedman-He: |y| < V12—

|
Gutylanskii-Martio:  |y| <L — T

quasiconformal techniques !




John’s problem ||
“how often?”
John

fis |+& -bilipschitz

exp(blarg f]) € Ly, b ©

What'’s the best exponent b !

logarithmic spiral: fails for



QUASICONFORMAL MAPS

fQ—Q W *— homeomorphism

loc

Df(z)|* < KJ(z,f) ae z€Q

>
eccentricity < K

measurable Riemann mapping theorem:
(Morrey,Vekua, Bojarski, Ahlfors-Bers,...)

can prescribe the ellipse field




BEURLING TRANSFORM

Calderon-Zygmund

S: [P =Pl <p<oo

Riesz-Thorin




BELTRAMI EQUATION

u(z)f,, [uz)| <kxp(z), 0<k<I

flz) =z+ O(1/z)  principal quasiconformal mapping

feWe (C)  J(z.f)>0ae  _ 1Hk

=k
Bojarski

f, = (Id — uS)~" (1) = p + uSu + uS(uSp) + - -

converges in L?

flz) =z +C(f;)(2) |

in fact f &€ W,I”D 2 < p < po(K) ISll, =p — |

ocC ’




Higher integrability

K-quasiconformal L-bilipschitz

exp(blargf,|) € Llloc7
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Astala b <

Astala-lwaniec-Prause-Saksman

holomorphic

motions analytic dependence

ki +

thermodynamic

formalism interpolation




Quasiconformal vs Bilipschitz maps
Q=0 aQcC

flexible conformal flexible isometry

Df(z)2 < K J(z.f) Lz w] < [flz) — fw)] < Lz —w

K < L2

stretching exponent rate of rotation

o)~ oElfD) o)

|z—2zo|=r,—0 log |Z — Zo’

a >0




Multifractal spectra

Astala-lwaniec-Prause-Saksman

[-bilipschitz




Holomorphic dependence

L2

LP?
Cauchy-Riemann Beltrami
A =Aufl AeD

A— f}(z) holomorphic

A f2(z) #0 holomorphic, for a.e.z




Interpolation Lemma

O<P07P|<©®7 96(0,')
¢,(z) analytic family, A € U= {ReA > 0}

non-vanishing ¢,(z) # 0

| ®allp, < Mo [bollp, <My - MY
—
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change p
subharmonic

Hadamard

cf. Riesz-Thorin

log-convexity

freeze p
harmonic

Harnack

|
log [|¢gllp = A - > +B

|
log [|gallp = A- b + B(A)

/

harmonic




Interpolation Lemma, complex version

¢$,(z), A €D non-vanishing analytic family,

dallp < |
Po = |

P
IA|

N /\¢A\<I 68416 - p| <

harmonic  «~4# holomorphic

Harnack P Schwarz lemma

$r(z) =1, (2), p=2 T
foci = “null-Lagrangians” Q B

eccentricity = ellipticity coefficient = k




