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How much a bilipschitz map can spiral ?

how fast? how often?



BILIPSCHITZ MAPS

no stretching

ü(}3) = lim
}→}3

log |i(})− i(}3)|
log |} − }3|

≡ 4

dimK(i(H)) = dimK(H)

spiralling possible

|á| = O−
4
O

4
O
|} − z| � |i(})− i(z)| � O |} − z|

O � 4

j : D → D

j(}) = } |}|lá

g is L-bilipschitz &

area-preserving

i : び→ び�
, び ⊂ C



L-bilipschitz

John: |á| ≤ F 0, O = 4+ 0

“stability” + BMO

i(}) = }, |}| = 4

i(}) = }hl á log(u)
, |}| = u



John’s problem

|á| ≤ O−
4
O

 quasiconformal techniques ! 

John: |á| ≤ F 0, O = 4+ 0

Gutylanskii-Martio: } |}|lá

Freedman-He: |á| ≤
�

O5 − 4

“how fast?”



John’s problem II
“how often?”

exp(e |duj i}|) ∈ O4orf,

John

f is 1+! -bilipschitz

What’s the best exponent b ?

fails for e �
5O

O5 − 4
logarithmic spiral:

e ∼

f
0



measurable Riemann mapping theorem:
(Morrey, Vekua, Bojarski, Ahlfors-Bers,...)

eccentricity " K

QUASICONFORMAL MAPS

i : び→ び� homeomorphism

|Gi(})|5 � N M(}, i)

Z4,5
orf −

a.e. } ∈ び

can prescribe the ellipse field



BEURLING TRANSFORM

L!-isometry

Vi(}) = −

4
ヽ

�
C

i(、)
(、 − })5

gp(、)

V : Os → Os, 4 < s < ∞

�Vi(¨) =
¯̈5

|¨|5
î(¨)

V ◦ ∂}̄ = ∂}

�V�s → 4, s → 5

Calderón-Zygmund

Riesz-Thorin



i}̄ = (Lg− ´V)−4(´) = ´+ ´V´+ ´V(´V´) + · · ·

BELTRAMI EQUATION

! ∈ "
!,"

#$% (C) !(", #) > ! "#$#

(}) = } +O(4/}) principal quasiconformal mapping

N =
4+ n
4− n

converges in L!

(}) = } + C(i}̄)(})

i}̄ = ´(}) i}, |´(})| � n ‐D(}), 3 � n < 4

Bojarski

in fact i ∈ Z4,s
orf , 5 � s < s3(N) �V�s = s − 4

?



Higher integrability

i ∈ Z4,s
orf , s <

5N
N − 4

Astala

exp(e |duj i}|) ∈ O4orf,

e <
5O

O5 − 4

K-quasiconformal L-bilipschitz

holomorphic 
motions

thermodynamic 
formalism

+

analytic dependence

interpolation

+

Astala-Iwaniec-Prause-Saksman



Quasiconformal vs Bilipschitz maps

flexible conformal flexible isometry

N ≤ O5

4
O
|} − z| ≤ |i(})− i(z)| ≤ O |} − z||Gi(})|5 ≤ N M(}, i)

i : び→ び�
, び ⊂ C

stretching exponent

ü(}3) = lim
|}−}3|=uq→3

log |i(})− i(}3)|
log |} − }3|

rate of rotation

ü > 3 á ∈ R

á(}3) = lim
uq→3

duj(i(}3 + uq)− i(}3))

log |i(}3 + uq)− i(}3)|

4
N
≤ ü ≤ N |á| ≤ O−

4
O



Multifractal spectra

L-1/L-(L-1/L) 0

dimK{} : á(}) = á} ≤ 5−
5O

O5 − 4
|á|

0

2

L-bilipschitz

Astala-Iwaniec-Prause-Saksman



Holomorphic dependence

i ゜}̄ = ゜ ´ i ゜}

BeltramiCauchy-Riemann

゜ ∈ D

゜ �→ i ゜(}) holomorphic

゜ �→ i ゜} (}) �= 3 holomorphic,  for a.e. z

L!

L# L  ?p



U

10

!
! !

!

践

non-vanishing 漸゜(}) �= 3

analytic family,

⇒

3 < s3, s4 � ∞, 践 ∈ (3, 4)

゜ ∈ X = {Uh ゜ > 3}漸゜(})

�漸4�s4 � P4

�漸践�s践 � P
−践

3 ·P践
4

s践
=

− 践
s3

+
践
s4

Interpolation Lemma

�漸゜�s3 � P3



Hadamard Harnack

change p freeze p

subharmonic harmonic

log-convexity

!

!

!

!
θ

cf. Riesz-Thorin

orj �漸践�s � D ·
4
s
+ E

orj �漸゜�s � D ·
4
s
+ E(゜)

harmonic



Interpolation Lemma, complex version

⇒

non-vanishing analytic family,

漸3 ≡ 4

漸゜(}), ゜ ∈ D

�漸゜�s � 4 �

�

�漸é
゜
�

� ≤ 4, |é|+ |é − s| ≤
s
|゜|

漸゜(}) = i ゜} (}), s = 5

harmonic

Harnack

holomorphic

Schwarz lemma

“null-Lagrangians”

eccentricity = ellipticity coefficient = k

foci =  
0 2


