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Definition

ro(G) = the cardinality of a maximal independent system of elements
of infinite order (the torsion free rank of G).
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Lemma

If f is a generalized polynomial on F,, then 3 n,

where ¢;.5, = 0 if i1+ ...+ 1 > n.

The set of gen’d polynomials is not dense in V; @ is not in the closure.
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Theorem (G. Székelyhidi, M.L. 2004)

Spectral analysis holds on G; that is, every variety V # {0} contains an
exponential, if and only if ro(G) < 2¢.

Lemma

If V is a variety, f €V, f =" pi-my, where p; is a local
polynomial and m; is an exponential (i = 1,...,n), then p;-m; € V and
m; €V for everyit=1,...,n.

Corollary

If ro(G) > 2¥ (e.g. if G is torsion free and |G| > 2¥), then local spectral
synthesis fails on G.
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If local spectral synthesis holds on G, then the same is true for every
subgroup of G and for every homomorphic image of G.

Lemma

If local spectral synthesis holds on G, and if T is torsion, then local
spectral synthesis holds on G x T.

Let F denote the free Abelian group of rank A. Let x denote the
smallest cardinal such that local spectral synthesis does not hold on Fj.

Then x < 2“; and local spectral synthesis holds on G if and only if
ro(G) < K.

We need: k > Ny. That is, we need:
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Equivalent reformulation of the spectral synthesis on Z™ :

If pe Clxy,...,xn) \ I, then there is a rool ¢ = (c1,...,¢,) of I and

there is a differential operator D such that Df(c) =0 for every f € I,
and Dp(c) # 0. (This is Krull’s theorem.)
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For i = (il,’iQ,. . ) € F, (’Ln =0 (’I’L > m))

D; = : :
(ax1>11 e (axm)lm

Example. R = C[zy,72,...], J = (22,21 — 20,71 — 23,71 — 24, . . .).
x1 ¢ J. The only root of J is (0,0,...).

There is no differential operator D s.t. Df(0) = 0 for every f € J, and
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Definition

Generalized differential operator: Zier a; D;, where, for every m, the
set {i € F,, : a; # 0 and i,, > 0V n > m} is finite.
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Question

What is the “real” value of k¢ Is it true that Kk = Xy independently of
the vaue of 2“7
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Lemma

If ro(G) < o0, then every local polynomial on G is a polynomial.

Corollary

Spectral synthesis holds on every countable Abelian group with
r0(G) < oo. In particular, spectral synthesis holds on Q" x T if n € N
and T is torsion. Spectral synthesis holds on every G with ro(G) < co.
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Y aif(z+by)=0 (f:C—C, a,b €C). (1)
i—1

Q(by)...(bn) = K, K* = K\ {0} is a countable group under
multiplication.

K* is not finitely generated; ro(K™) = oo for every K. Thus spectral
synthesis does not hold on K*.

Since K* is countable, local spectral synthesis holds on K*.
The additive solutions of (1) restricted to K* constitute a variety V.

Theorem (G. Kiss, ML 2012)

In V, every local exponential polynomial is an exponential polynomial.
Consequently, spectral synthesis holds on V.

The exponential polynomial solutions of (1) are easy to desribe. This
gives a complete description of the set of additive solutions of (1).



