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Motivation

What necessary and/or sufficient conditions can be given for
the LP—convergence (0 < p < 1) of a single

f(x)~ > k€™, xeT=[-mn)
keZ
or a double

keZ beZ

BXCY)~ DD cue ) (x,y) e T

Fourier series with the use of the coefficients?
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il -convergence i -convergence of a single Fourier series
il -convergence of a double Fourier series

L'-convergence of a single Fourier series

Theorem (A. S. Belov, 2008)

Assume f; € L'(T?) and

lIsn(fi) — fi]l =0 as n—

ie.
1 ikx
ZW/T‘che fi(x)|dx =0 as n— occ.
|k|<n
Then )
n
Z % —~0 as n-— oco.
Py ([k —n|+1)
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il -convergence i -convergence of a single Fourier series

Il -convergence of a double Fourier series

A necessary condition is

o~ lol +lo |
> H —0 as n— oo.
Consequently,

(ch+c_p)lnn—0 as n—

is a necessary and sufficient condition for the L'-convergence
under some additional conditions such as the coefficients are
decreasing or general monotone.
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L'-convergence L"-convergence of a single Fourier series
Al -convergence of a double Fourier series

L'-convergence of a double Fourier series

Theorem (F. Méricz, 2010)

Assume f, € L'(T?) and

ISmn(f2) — || = 0 as m,n — oo independently,

e 4 //Tz > cree ) - (x,y)‘dxdy—>0.

|k|<m|¢|<n

Then

22% Z |Crel+ | C—k | + | Ck,—e| + | C—k,—e]

—0 as m,n— co.
(k—m|+ D)([{—n[+1) o0

k=[m/2] ¢=[n/2]
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L'-convergence L"-convergence of a single Fourier series

i -convergence of a double Fourier series

Although for decreasing or general monotone coefficients

Z Z |Ciel +|C_k,e| +|Ck,—e| +]C_k,—e]

—0as mn—
(k—ml+ D)([{—n[+1) >

k=[m/2] t=[n/2]
implies
(Cmn+C-mn+Cm—n+C-m-n)lnminn—0 as m,n— oo,

this does not seem to be a sufficient condition for the
L'-convergence. However, there are some recent calculations
to resolve this issue by giving a modified condition.
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LP-convergence (0 < p < 1)

LP-convergence (0 < p < 1)

For f; € LP(T), 0 < p < 1, the LP—metric is defined by

1 1/p
Il = Il = (- [ 15G0PaR)

Similarly, for f, € LP(T?), 0 < p < 1, the LP—metric is defined by

1 1/p
Iolle = |If2]lp = (m //Ez |f2(x,y)|pdxdy)

|| - |p is not a norm, it does not satisfies the triangle inequality,
but it is known as a quasi-norm.
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LP-convergence of a single Fourier series
LP-conv e of a double Fourier series

LP-convergence (0 < p < 1) TemEs & e

LP-convergence of a single Fourier series

Theorem (P. Kérus, X. Krasniqi, F. Méricz)

Assume thatf € LP(T),0 < p< 1, and
lsn(f) — fll, >0 as n— oo.

Then
1/p

—0 as n— co.

2
zn: |cklP + |c_«|P

— 2—
(B (k= 12

Péter Kérus Fourier Workshop



LP-convergence of a single Fourier series
LP-convergence of a double Fourier series

LP-convergence (0 < p < 1) Elements of proofs

LP-convergence of a double Fourier series

Theorem (P. Kérus, X. Krasniqi, F. Méricz)

Assume f € LP(T?),0 < p < 1, and
|Smn(f) — fll, =0 as m,n— oo
independently of one another. Then

1/p
%n: i ’Ck£| + ke’ + |k —e|” + [—k,—e|”

((k—m|+ )|l —n| +1))2P =

k=[m/2] t=[n/2]

as m,n — co.
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f a single Fouri
b f a double Four
Elements of proofs

LP-convergence (0 < p < 1)

Elements of proofs

In case of L'-convergence, Hardy’s inequality

Lemma

If

o0
=> ", |zl <1 and p € H',
k=0

1fj < Iols.
T = k+1 -

then
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LP-convergence of a single Fourier series
LP-convergence of a double Fourier series

LP-convergence (0 < p < 1) Bl o mass

and the Bernstein—Zygmund inequalities were needed.

Lemma

Let T,(x) be a trigonometrical polynomial,

To(x) = ) cxe™

|k|<n

and T,(x) is its conjugate,
To(x) = Y (~isign k)c,e™™.
|k|<n

Then
max {|| Toll+, [| Tall1} < nll Tall1-
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LP-convergence (0 < p < 1) Bl o mass

In case of LP-convergence,

Lemma (Hardy, Littlewood, 1927)

If

p(2) =) ez’ |zl <1 and pe HP, 0 < p <1,
k=0

then .
lelP
) < Kollell
(k L 1)2—p P p:
k=0 (k+1)P
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LP-convergence (0 < p < 1)

Elements of proofs

Lemma (V. Arestov, 1981)

Let Ty(x) be a trigonometrical polynomial of order n and
0 < p < 1. Then the inequality

1T lo < A7l| Tallo

holds true.
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LP-convergence (0 < p < 1)

Elements of proofs

and

Lemma (K. Runovski, H.-J. Schmeisser, 2004)

Let Ty(x) be a trigonometrical polynomial of order n and r > 0.
Then the inequality

175 llo < Ko [Tl
holds true if and only if p > 1/(r +1).

are needed.

Péter Kérus Fourier Workshop



LP-convergence of a single Fourier series
LP-convergence of a double Four ries

LP-convergence (0 < p < 1) Bl o mass

For single Fourier series

Lemma

Foreveryne N and0 < p < 1, we have

min

n ) n ) p
Z Ck e/kx Z Ck e—/kx
k=0 k=0

p
b
p p

n n
ek P |cx P
>
> Koma | 2 Gror 175 2 (n o+ 177
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LP-convergence of a single Fourier series
LP-convergence of a double Fourier series

LP-convergence (0 < p < 1) Bl o mass

Lemma

For0 <n<wvand0< p<1, wehave

v v 1/p
> Kee™|| > K,max S (k=nPBlkelf)
k=n+1 p k=n+1
v 1/p
> (w—k+1)P 2|k cl’
k=n+1
v . v 1/p
> (k) eke ™| =Kymax{( > (k—nP P ke k]
k=n+1 p k=n+1
v 1/p
> (v—k+1)P 2k eyl
k=n+1
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f a single Fouri
f a double Fou

LP-convergence (0 < p < 1) Bl o mass

Lemma

Forall -1 <n<v,r=1,2,...,and1/(r+1)<p<1, we

have
v 14
maxq || > Kee™|| Il Y (=k) ke ™
k=n+1 p Il k=n+1 p

S Kp’rl/rHS,/ — San.
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LP-convergence (0 < p < 1)

For double Fourier series, by more calculation, we have
analogous (more complicated) lemmas using the
Hardy—Littlewood, Arestov and Runovski-Schmeisser
theorems mentioned before (more times).
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LP-convergence of a single Fourier series
LP-convergence of a double Fourier series

LP-convergence (0 < p < 1) Bl o mass

Lemma

{ Z i l(kx+£y) i i I( kx+2y)
k=0 ¢=0 k=l
m n m n °
Z Ckee i(kx—2y) ZZ kle —kx—2y) }
k=0 £=0 p Il k=0 £=0 P

3>

1/p
> Kpmax{ [(k+1)(12+1)]"2|0u|"> ;

—
\TMB

0 ¢=0

>

1/p
[(m—k+1)(£+1)? |ck,3|P> :

(
(
(

£=0

3>

1/p
[(k+1)(n—e+1)P2 ICul") )

£=0

n

= I 1M

1/p
[(m—k+1)(n—¢+ 1)]”—2 |Ckg|p> }

>
I

=}
o~

=0
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LP-convergence of a single F
LP-convergence of a double Fou

LP-convergence (0 < p < 1) Bl o mass

Lemma

n v
Z Z K Cke ei(kx+£y)

k=m+1 £=n+1

P
|7 v 1/p
> Koy max{ ( SN k= my(e—n)P 2 k" grzckz|p) )
k=m+1 £=n+1
" v 1/p
( ST 3w k+1)(€—n)P? k" e%@") ;
k=m+1 ¢=n+1
o v 1/p
( S > tk—m)y—e+1)P2 \k’1£’2cke|”> ,
k=m+1£=n+1
W v 1/p
G e——"
k=m+1 ¢=n+1

and three other analogous inequalities hold involving ¢_ ¢, Cx,—¢, @and c_x, ;.
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LP-convergence of a single Fourier series
LP-convergence of a double Fourier series

amremEnes 0 < o< ) Elements of proofs

Lemma

For all (m, n) € N2 and max{1/r;,1/r:} < p < 1 we have

8’1 +r2

X ayn > D> cue™

[k|<m [£]<n p

max

8r1 +r

axnays O O (Cisiankjoad ),

[k|<m[£]<n P
8r1+r2

——— Y 3 (~isignt)ci e

X" oy’
[k|<m |€]<n p

> (—isignk)(—isign £)ceee )

[k|<m|e|<n p

8r1 +r
ox"1 oy’

< Kp,r1,r2mr1 nr2 Z Z Ckzei(kXJrU)

[k|<m|£]<n p




LP-convergence of a single Fourier series
LP-convergence of a double Fourier series

LP-convergence (0 < p < 1) Bl o mass

emma

Forall -1 <m< p,—1 <n<wvandmax{1/r,1/r} < p <1 we have

v v
max i Z kr1 erz Ck[ei(kx+ly) ’ i Z (_k)r1 g’g Cikzei(kaJrly)
k=m+1 ¢=n+1 p k=m+1 £=n+1 o
I v
Z Z kﬁ(_e)rg CkY7£ei(kX7Zy) ,
k=m+1 ¢=n+1 P
lad v .
Z Z(_k)ﬁ(_g)fz Cok—t gl(=k—ty)
k=m+1 £=n+1 P

< Kp,r1,rzllr1 1/’2||S;w — Smv — Sun + Smn”p-




LP-convergence (0 < p < 1) Elements of proofs

Open questions

What sufficient conditions can be given for the LP—convergence
(0 < p < 1) of a single or a double Fourier series which meet
the previous necessary conditions somehow?

Can we give other/better necessary conditions similarly to the
L' case?
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