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Introduction

Let o, ...,am € RY be nonzero vectors, ki, ..., kn >0,
v(x) =172, [{aj, x) |5 power weight, Ly, (RY) the space of

Lebesgue measurable complex functions with finite norm

oy = ([, FooPvse) " <o

Our goal is to prove the sharp inequality between the best
approximation of function from weighted space by entire functions
of exponential type and its modulus of continuity. It is known as
the Jackson inequality. To determine the modulus of continuity and
to prove sharp Jackson inequality we need a rich harmonic analysis.
In general case, it is difficult to hope to construct such analysis. For
what weights we can do it? Here we are helped the root systems
and associated reflection groups.
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1. Root systems and reflection groups

Let O(d) denote the group of all orthogonal maps of RY. For a
nonzero vector o € RY define the reflection o, € O(d) by

oa(x) = x — (2(x, a>/|oz|§)a, x € RY,

d
where (x,a) = 3 xja;, the inner product, and |a|3 = (o, a).
j=1

A finite set R C R9\ {0} is called a root system, if Yo € R
1) oa(R) =R, 2) RNRa = {+a}.

We can define positive subsystem of root system

Ry ={a € R:{a,ap) >0, ap € RY}, so that R = R, LI (—R,).
The subgroup G(R) C O(d) which is generated by the reflections
{oq : @ € R} is called the reflection group associated with R.

V.I. lvanov ivaleryi@mail.ru

Dunkl harmonic analysis and sharp Jackson inequalities



2. Weight functions
Let function k: R — R, be invariant with respect to reflection
group (k(a) = k(ga) Va € R Vg € G(R)) and let v, denote the
power weight on RY defined by

() = T, e X) P,

Example. Let e; = (1,0,...,0),...,e4 =(0,...,0,1) be standard
basis in RY. The set R = {+e;}¢_, is a root system and

Ry = {ei}9_,. Reflection group is the set of diagonal matrices with
+1 on main diagonal. Invariant function k(%ej) = A; +1/2,

Aj > —1/2 can have d different values. The power weight vi has
the form

d
wi(x) = T by
j=1

(product of absolute values of coordinates in nonnegative degrees).
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2. Harmonic analysis in B LQ‘,((]PLd)

3. Harmonic analysis in B L, (R?)-space
Let vi(x) = TT |{a,x)*(*) be power weight,
acRy

= [ e~ XI*/2y, (x)dx Macdonald—Mehta—Selberg normalizing

Rd
constant, duk(x) = C;lvk(x)dx, Ly x(R9) Hilbert space with finite
norm and inner product

1/2

il = / FORdm(x) | . (Fe) = / F()2C i (x).

Rd

Harmonic analysis in space L x(R?) was constructed by C.F. Dunkl
[1-4] with the help of differential-difference and integral Dunkl
operators. A great contribution to the development of this theory
introduced M. Rosler, de Jeu, K. Trimeche, Y. Xu and others.
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2. Harmonic analysis in B LQ‘,((]PLd)

Differential-difference Dunkl operators have form

f(x) — foa(x))

(@, x)

Dif(x) = a(;f:)—i—z k(a)(o, €j) , Jj=1....d.

aERy
For y € RY differential-difference system with initial condition
Djf(x) = iy;f(x), f(0)=1

has unique solution ex(x, y), which extend to entire function in
C9 x C9. Generalized exponentiql ex(x,y) has properties similarly
properties of usual exponential e/(*:¥).
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2. Harmonic analysis in B LQ‘,((]PLd)

Proposal 1 (C.F. Dunkl [3], M. Résler [5]). If g € G(R), A € C,
x,y €RY, zeC4 Imz=(Imz,...,Imzy), then

ek(X,}/):ek(y,X), ek(ovy):]-v ek()\x,y):ek(x,)\y),

m = ek(_XaY)7 ek(gx,gy) = ek(X,y),
le(, ) <1, ex(z,y)| < elllmzl,

Generalized exponents are eigenvalues of Laplace-Dunkl operator
d
Arf(x) =Y DF(x):  —Ake(x,y) = lyfe(x,y).
j=1

M. Rosler [5] got integral representation of generalized exponent

eulxiy) = [ €0 du(©)
Rd
where ;1% is Borel probability measure with compact support in
convex hull of orbit of x: C(x) = co{gx.g € G(R
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2. Harmonic analysis in B LQ‘,((]PLd)

Dunkl integral transforms are defined with the help of generalized
exponent

- / F()acty)dun(x). 1 (x) = / F()exlx ) dp(y):
R4 Rd

Proposal 2 (C.F. Dunkl [4], M.F.E. de Jeu [6]). Dunkl integral
transform realize isometric isomorphism of Ly x(R9)-spaces and for
them are fulfilled Parseval equality:

~ vV
f: Lgyk(Rd) — L27k(Rd), (f) 1 =f,

Fllok = [Fllaks  (F, &) = (F, &)k
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3. Best approximation in Lgvk(]ﬁ‘d)—space

4. Best approximation

Let V be convex centrally symmetric compact body invariant with

respect to reflection group, o > 0. Let us define 3 classes of entire
functions:

E2d,k(0'V) ={fc Lz,k(Rd) ﬂ Cp(RY) : supp? C oV},

Wy (oV) = {f-entire in C? : |f(2)| < cre”2v* | £ € Lo k(RY)},
ng(aV) = {f—entire in C? : |f(2)| < cre?™2Iv* f € L[5 (RY)}.

Here V* is polar of V, |z

%

For f € Eg, (o) and z € C4 = [ F(y)ex(z,y)du(y),
oV

v+ norm in RY, defined with the help of

therefore s
Ezd,k(U V) C ch{k(UV) C WQC{k(UV)'
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3. Best approximation in Ly ,(RY)-space
If k(o) =0, then Ef,(0V) = W5, (oV) = W5, (o V) [7.8].
The first equality is known as Paley—Viener theorem. In weighted
case it is proved by de Jeu for Euclidean ball [9].
He proved Paley—Viener theorem for arbitrary V in the case when
function k(«) has only integer values [9].

Theorem 1[10]. Wy, (cV) = WY, (V).
Let us define the value of best approximation in L27k(Rd)—space:
E(aV, ok = inf{||f —gllak : & € B (0 V)}.

As in the case of unit weight

E2(oV, oy = / F(v)Pdualy).

lylv>e
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4. Modulus of continuity in Lz‘k(l}?;d)—space

5. Modulus of continuity
Let M = {is}tsez, Dogemtts =0, D occylits| < 0o be complex

sequence,
Vs :Z,u/—i-sﬁl (1/0 :Z|Ml|27 ZVSZO, Z|VS| < 00)7
1eZ 1€Z SEZ SEZL
o(t,y) =Y vse(st,y), tyeR9
SEZ

Using integral representation for generalized exponential we get

p(t,y) = /sz /Zﬂs &

SEZL SEZ

2

duf(€) > 0.

We have too

o (t,y) € G(RI xRY), o (t,y) =¢(y,t), ¢(0,y) =0.
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4. Modulus of continuity in Lz‘k(l}{d)—space

It allowed us to define modulus of continuity for arbitrary convex
centrally symmetric compact body U invariant with respect to
reflection group:

R 1/2
m(TU, )2k = sup </Rd cp(t,y)|f(y)|2d,uk(y)> , 7>0.

tetU

We have lim,_o1owm(7U, f)2x = 0. If vi(x) =1 is the unit
weight,

AMf Z,us (x + st)
SEZ

infinitely-difference operator, then

wu(TU, )2 = sup | AYF (x) |2
tetU
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

6. Inequality and Jackson constant

Jackson constant for the pair of bodies V, U

E(ocV,f
DM(UV,TU)Zk = sup{ (U . )2’k 1 fe L27k(Rd)}

wm(TU, ok
is the least constant in Jackson inequality
E(oV,f)ok < Dwm(TU, )2 k.

We have
Dm(oV,7U)2k = Du(V,o1U)2 k

and can assume further that ¢ = 1.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Theorem 2. Jackson constant Dy (V/,7U)z « is continue as
function of 7 > 0.
Theorem 3. Forall 7 >0

Dum(V,1U)2k > 1/ /v0.
Theorem 4. There is constant v =~ (k, M, d, V, U) > 0 such,
that for every f € Ly x(RY)
1
E(V, ok < \/7>OWM (v, f)z,k :

For unit weight theorem 4 was proved by S.N. Vasilyev [11].

Least value of v in theorem 4 we call as optimal argument. Denote
it Tka(V, U)
Ticm(V, U) :==inf{r > 0: Dy(V,7U)24 = 1/\/10}.

Optimal argument depend on power weight vk, sequence M and on
geometry of bodies V, U.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

7. Logan type extremal problem
Let for real function f and body V

A(f, V) =sup{|x]v : f(x) > 0}

be radius of minimal ball in V norm, outside of them function f is
nonpositive,

Fu(t,f) ==Y vsf(st),
s#0
Km(U, V) be class of entire functions f for which f € Ly x(RY),
suppf C U, f(x) >0, £(0) > 0, A(Fm(f), V) < oc.
Logan type problem. To find the value
/\k,M(U> V) = inf{)\(FM(f), V) f e KM(U, V)}

B.F. Logan [12] posed and solved this problem for unit weight in
one dimensional case and Fy(t, f) = f(t).
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Theorem 5. 7 y(V, U) = A, (U, V).

Let r e N, M, = {(-1)° (g)}SGZ' Note that us # 0 only for
s=0,1,...,r. Sequence M, define the modulus of continuity of

order r:
wr (TU, f)2’k =wp, (TU, f)2’k .

In the case of unit weight

zr:(_ns (D) flx+st)

s=0

wm, (TU, f)yy = sup

=w, (U, f)y -
tetU ’

2

For unit weight and sequence M, theorem 5 was proved by E.E.

Berdyscheva [13] (r = 1) and D.V. Gorbachev, S.A. Strankovskiy
[14](r > 1). For general weight and sequence M; theorem 4 was
proved by A.V. lvanov [15].

From theorems 4 and 5 it follows that the class Ky (U, V) is not
empty for any sequence M and bodies U, V.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

8. Optimal argument for sequence M,

The modulus of continuity wy (7U, f)z,kv defined by means of

sequence My = {...,0,1,—1,0,...}, can be written with the help
of generalized translation operator T¢ and self function f:

1/2
wy (TU, f)2,k = sup (/Rd T)f]f(y) — f(x)|2\y_xduk(x)) .

tetU

In the space Lp x(R?) generalized translation operator

T = [ el ) Fy)enty)dind)
was defined by M. Résler [16]. For every t ¢ R || Tt|| = 1.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Firstly we consider the case of unit weight (k(«) = 0). Let Jy\(x)
be Bessel function of order A > —1/2, g, its least positive zero,

i) =2r(r + 2

normalized Bessel function, A1(U) least eigenvalue of eigenvalue
problem for Laplace operator

—Av=2MAv, v|gu=0, velLy(U),
1/p
B = qxeRY:|x|p= [ |xP <1lp,1<p<oo,

p

J

balls in /g—norm.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

In 1981 V.A. Yudin [17] proved Jackson inequality, which gives
common upper estimation

o (BS, U) = Ao, (U, BY) < 22Y3(U).

His method allows us to construct a good entire functions in the
Logan problem for sequence M.
CONJECTURE 1.

o (B, U) = Moy (U, BY) = 2X1%(U).

This conjecture was verified in two cases for cube BZ and ball BS.
In 1999 E.E. Berdyscheva [13] proved that

To.m (Bg, BL) = Mo, (BL, BY) = rdP, 1<p<2.

Extremal function in Logan problem do not depend from p. In 2000
D.V. Gorbachev [18] proved that

7'0,/\/11(557 Bg) = AO,/Vh(Bga Bg) = 2qd/2—1-
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Now we consider weighted case. Sharp results are obtained also in
two cases, when body U is Euclidean ball or parallelepiped.

Theorem 6[15]. If A\, =d/2—1+ > k(«), then

aERy
Tk,Ml(Bg7 BZd) = Akle(Bg? Bg) =2q,- (1)
Extremal function in Logan problem is radial function

2
gy B/
T (202

Consequence 1. For every f € L, x(R?), ¢ >0

1 2q
E(O’Bg, f‘)Q’k < 72le ( UAk Bg7 f> .
2.k

)
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5. Inequality and constant of Jackson in Lz_k(ﬂ‘td)-space

For construction of extremal function (2) in Logan problem (1) it is
used Yudin method [17].

For low estimation in Logan problem (1) it is used averaging on
unit sphere S9! = {x € R : |x|p = 1}, Y. Xu formula [19]

/ ex(x, y)vi(y)do(y) :jAk(|X’2)/ vk(y)do(y)
Sd—l

gd—1

and quadrature formula of Frappier—Oliver—Grozev—Rahman [20, 21]

/0 TR = 3 n()F (2";*) ,

k=1

where f be even entire function of exponential type a > 0,
integrable with weight x| A > —1/2, n(k) >0, {gx«}
positive zeros of j\(x). D.V. Gorbachev [18] began the first to
apply such quadrature formula in extremal problems.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Let A= (A1,.. o Ad), A > —1/2, wi(x) = [T PNt

—

1

J

d
a=(a1,...,aq), aj >0, Ny= [[[—aj, a;] be parallelepiped,

=1
bxa=(2qx,/a1,---,2q),/a4).
Theorem 7[22]. For 1 < p <2
Tiomy (B, Ma) = N, (Mo, B) = [baalp- (3)

Extremal function in Logan problem depend from p and has form
d

d aix;/2
£2(x) = (18012 — S (/20> P &512) 5
p = (1- (ajxj/qu )%)
(4)

For 1 < p < 2 this theorem is a new and when v (x) = 1.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

CONJECTURE 2. If p > 2, then
Tk,Ml(Bg7 Ma) = Ny (Mo, B,‘,’) = |by.al2.

For construction of extremal function (4) in Logan problem (3) it is
used some modification of Yudin method.

For low estimation in Logan problem (3) it is used multidimensional
variant of Frappier—Oliver—Grozev—Rahman quadrature formula [23]

2qx k 2qx, .k
H‘X’D\—de_ZHrA ( 11 . dsKd 7
/ keNd j=1 a1 ad

where f € L1 \(R?) be even entire function of exponential type
aj > 0 on every variable.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Consequence 2. For every f € Ly x(RY), >0, 1<p<?2

1 b
E(o0Bg, flax < 5 <‘ /\(;a‘p”a, f) ‘
2.k

)

We believe that in weighted case the conjecture 1 is true too with
the replacement of the Laplace operator on Laplace-Dunkl operator.
CONJECTURE 3. For general power weight vy

T (BS, U) = Ao (U, BY) = 2012(U),

where A\1(U) is the least eigenvalue of eigenvalue problem for
Laplace-Dunk! operator

—Agv = Av, V‘8U =0, ve Lz,k(U).
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

9. Optimal argument for sequence M,
Optimal argument for sequence M, is calculated only in one case.

Teopema 8. If \y =d/2—-1+4+ >  k(a)=1/2, then forall r € N

a€R;
Tiom, (B3, BS) = M, (BS, BS) = 215 = 2. (5)
If Ak # 1/2, then
Tk,Mz(Bgv Bg) > Tk,M1(Bg> Bg) =2qy,. (6)
Always
Tiom (B3, BY) < 4qy,. (M)

Equality (5) is possible only in dimensions 1,2, 3. Consider the case
of unit weight. Equality (5) for d = 3 and r = 2 was proved by
D.V. Gorbachev and S.A. Strankovskiy [14]. Inequality (6) for

d =1 was proved by V.V. Arestov and A.G. Babenko [24].
Inequality (7) for d = 1 was proved by V.Yu. Popov [25].
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Extremal function in Logan problem (5) is radial function
1 — cos(|x]2)
X3 ((27)% = |x[3)

For low estimation in Logan problem (5) we reduce problem to
radial functions and prove quadrature formula

/OOO Fr(x)x*dx =Y c/(n)F, (2mn),
n=1

where c,(n) > 0, ¢.(n) =< n?,

A= (7, ) o

k=1

f be even entire function of exponential type 1, integrable with
weight x2.
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5. Inequality and constant of Jackson in Lz_k(]ﬁd)-space

Why the case of number A\ = 1/2 is exceptional? It is connected
with arithmetical properties of Bessel function zeros. Let

O<qa71<qa’2<"'<qa’5<...

be all positive zeros of j,(x). For &« =1/2 qo.s = 7s and for all
reN

{rga,sts21 € {qastezs
For o # 1/2 and sufficiently large N = N(«)
{ga,s}n ﬂ{2qa,s}§i,\/ = 4.
CONJECTURE 4. For all a # 1/2
{ga,s}21 ﬂ{zqous}cs)il =4.
CONJECTURE 5. For all @ # £1/2 and all s # |

da,s
Qa,l ¢
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