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Abstract

Problem in number theory?
Need some further tool!

Try combinatorics!
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Complexity of sequences

5+ {0,2} + {0,6} + {0,96} = {5,7,11,13, 101, 103, 107, 109}

11+ {0,2} + {0,6} + {0,90} + {0, 15630}
= {11, 15641, 101, 15731, 17, 15647, 107, 15737,
13, 15643, 103, 15733, 19, 15649, 109, 15739}

A Hilbert cube, or affine cube, is an iterated sumset
H(ao; a1, ...,aq) :=ao+{0,a1} +{0,a2} +--- + {0, a4}

all 29 subsetsums of d base elements, with an affine shift ag.
Gowers norm:

1fllua(g) = Expn,....hacG H JATT AL (4 hwy + -+ hgwg)
Wi,...,wqg€{0,1}
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Central question:

Suppose we study the additive structure of a set S, then it is
natural to ask: what is the largest dimension d such that there is a
d-dimensional Hilbert cube with H C S C [1, N]?

Christian Elsholtz, TU Graz Austria Hilbert cubes in multiplicatively defined sets



Selection of known results:

Theorem (Hilbert, 1892)

For every r, d, there exists a least number h(d, r) so that for every
colouring
X :[1,h(d,r)] — [1,r]

there exists an affine d-dimensional monochromatic cube.

(Early Ramsey type result).

Theorem (Szemerédi, 1969, density version)

For each d, there exists a constant c4 so that (for large N > Ny ):

if S C [1,N] and |S| > chl_%d, then S contains an affine
d-dimensional Hilbert cube.

If S has positive lower density, i.e. liminf % >c >0, then
d > loglog V.
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Theorem (Hegyvari)

Let d(S, N) = max{k : SN [1, N] contains a k-dimensional cube}.
There exists an infinite sequence S of positive integers with
positive lower density and

d(S, N) < +/log Nloglog N.

Theorem (Conlon, Fox, Sudakov)

For any 0 < § < 1, there exists ¢ > 0 such that with high

probability a random subset of [1, N], where each element is chosen
independently with probability §, does not contain Hilbert cubes of
dimension c+/log N. (Best possible, by another result of Hegyvari).

Further results by Gunderson & Rodl, Hegyvaéri, Sandor et al.
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If S is the set of primes. (For a; # aj).
5+{0,2} +{0,6} +{0,96} = {5,7,11,13,101, 103, 107,109}

For distinct integers a;:

Theorem (Hegyvari and Sarkozy)
d(primes, N) = O(log N).

\

Theorem (Wood, CE, independently)
log N

d(primes, N) = O(W

)

A

Corollary (Wood)

Suppose C,, is a Z% circuit which tests whether X1 ... X, are the
binary digits of a prime number. Then the number of AND gates
which are used as inputs to the output OR gate must be at least:

2n7(9/2+o(1))n|0g log n

log n

A\
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ap+{0,a1} + {0,a2} +---+ {0, a4}

Let S be the set of squares. 1+{0,15} + {0, 48} = {1,16,49,64}.
JL Nicolas (1977), J. Lagrange (1981):

A = {—15863902, 17798783, 21126338, 49064546, 82221218, 447422978}

A+'A = {1934881, 5262436, 33200644, 38925121, 66357316, 66863329,
70190884, 100020001, 103347556, 131285764, 431559076,
465221761,468549316,496487524,529644196 }

A+ B C Squares . If |A| =2 what can we say on |B| 777
Finite/infinite, upper/lower bounds 777
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A+ B C Squares, and |A| =2

ag+bi=x?a+b=y> a—a=y>—x>=(y+x)(y —x).
|B| may be arbitrarily large! An integer n = [[;_; pi has 2°
divisors. Each divisor induces a solution a» — a1 = (y — x)(y + x).
If A fixed, |B| is bounded, but not uniformly.

Example: ap —a; =3 x5 x 7 x 11 = 1155.

y X y—x y+x
34 1 33 35
38 17 21 55
46 31 15 7

58 47 11 105
86 79 7 165
118 113 5 231
194 191 3 385
578 577 1 1155
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Al = 2

If only |A| = 2 is fixed, but the set A may vary, A, B C [1, N], then

log N
B| ~ log 2 1) ——
81~ exp (log 2+ of1)) ook L)

is possible. (Finite, but may tend to infinity with varying A and N).
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Al =3

If |A| = 3, question already asked by Euler. |A| = 3 and
A, B C [1,N] and B can be arbitrarily large,

1B| > (log N)®/7

Alon, Angel, Benjamini, Lubetzky (Israel JM 2012).
(a certain elliptic curve, here of rank 5, has many rational points,
applications to expanders)

Theorem (Dujella, CE)

There exists A and B C [1, N] and A+ B C squares, with |A| =3
and

|B| > c(log N)*>/17.
Moreover, if A, B and A+ B are all squares:

Al = 3,|B| > c(log )/
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|A| = 3, continued

y? = x3 4+ x? — 6141005737705911671519806644217969840x
+ 5857433177348803158586285785929631477808095171159063188.

a1 = 0, ap = 286789992, a3 = 43105370°.

Conjecture (CE, upper bounds)

log N
|A| = 3,|B| < something better than exp ( I >

log log N
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Al > 4

The Bombieri-Lang conjecture (completely hopeless, very general)
implies:

If |A| = k > 4, |B| < Cg is uniformly bounded.

(Argument above but with curves of genus g > 1 have very few
rational points).

(Details, see Solymosi; Cilleruelo and Granville).
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Brown, Erdds and Freedman (1990) asked about the maximal
dimension of Hilbert cube.

Theorem (Hegyvéri and Sarkozy, 1999)

d(squares, N) = O((log N)*/3).

Theorem (Dietmann, C.E.)

d(squares, N) = O(exp((log log N)'/? log log log N).
d(squares, N) = O((log log N)?).
d(squares, N) = O(loglog N).

Theorem (Dietmann, C.E.)

d(k-th powers (k > 3), N) = O(loglog N).

Conjecture (Solymosi, special case of Bombieri-Lang)

d(squares, N) = O(1).
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|A| > 4, Heuristics

Caporaso, Harris, Mazur proved: If the Bombieri-Lang conjecture
is true, there exists an integer k such that for any polynomial

f € Z[x] of degree six, which does not have repeated roots, there
are no more than k rational numbers m, for which f(m) is a square.
If x2 € H(ao; a3, as, . - ., aq) then x? 4 a1, x?> 4+ ap, x> + a1 + ap are
all squares, and so is f(x) = (x? + a1)(x® + a2)(x* + a1 + a2),
which is only possible for at most k values of x, hence d < k.
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Theorem (Folklore ?, Hegyvari and Sarkozy)

There is no infinite Hilbert cube in the squares.

Proof 1: By Siegel-Baker: For any given ai, as, there are finitely many
integer points on the elliptic curve y? = f(x), but ineffective,
no uniform bound.

Proof 2: Infinite Hilbert cubes have fixed difference infinitely often.
dp — adi :y2—X2.
The sequence of differences of the squares tends to infinity,

hence no fixed difference can occur infinitely often.

Proof 3: a» — a1 has finitely many divisors only.
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Hilbert cubes in the squares

Sketch of the Hegyvari-Sarkozy approach

@ local-global method:
Instead of studying the problem for integers, they study it
modulo primes. The squares modulo primes are in half of the
residue classes modulo p.

o If A\BC Z/pZ, and A+ B C {x?: x € Z/pZ}, then
min(|A|,|B|) < \/p. (GauB-sum, character sum)

o If {a1,...,a4} CZ/pZ are in t distinct residue classes, their
sumset {0,a1} +---+ {0,aq4} is in at least § < /P classes
modulo p.

Example A= {1,2,3,4,...d} = TA={1,2,3,..., 9Dy
So, {a1,...,aq} is modulo p in O(p'/*) residue classes.

@ A restriction of this type, modulo many primes, leads (by a
sieve method) to d = O((log N)*/3).
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What should we do?

@ Do not use curves of higher genus, too complicated.
@ Subsetsum mod p argument seems (here) very inefficient.
@ analyze subsetsums for sets with forbidden “global” structure.

@ Would like to use argument of the type:
1) If C+ D is in a set without ... then min(|C|,|D|) < ...
2) If the sumset of A= {a1,...,aq4} is in a set without ...,
then A > ... (hope for 29), use better combinatorics here.
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Sets without arithmetic progressions

Roth, Bourgain, Gowers, Tao, Bombieri, Green, Sanders, Granville,
Pintz, Zannier et al. worked on density of sets without an
arithmetic progression, or on squares in arithmetic progresson etc.
Why should we study this?

@ k-th powers and squares do not have long arithmetic
progressions!
xk 4 yk =2zk

@ Arithmetic progressions are the bad case for the subsetsums
modulo primes.
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Lemma (Gyarmati)

For all k > 1, there is a Ny such that for all N > N,: If
A BC{l,...,N} with A+ B C S := {x*: x € N} for some
k > 2. Then: min{|A|, |B|} < 4klog N.

This is proved using Gaul3 sums.

Lemma (Darmon-Merel, compare with Fermat-Wiles)

For k > 3: xk 4+ y* = 2z does not have nontrivial solutions that
is the set of k-th powers does not have arithmetic progressions of
length 3.

All of the 29 subset-sums must be distinct:
ap+a,+---+a,+a;+---+ta, =a+a,+ --+a,+a,+ - -+ak.
ap,a0+ay +---+aj,a+a,+--+a,+ant+-+ag
is an arithmetic progression. A = ap + {0,a1} +--- + {0, a%} and
B = {O,agH} + - +{0,a4}, 29/2 < 4klog N and so

d = O(loglog N + log k).
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Lemma (Fermat, Euler)

There are no four squares in arithmetic progression.

Lemma (Growth lemma 1)

|A| > h and let S C N be a set without progression of length k. If
ap+{0,a1} +{0,a2} +---+{0,a4} C S,

then |h"A| > % Here h™C is the disjoint sumset

{aa+o+---+cniceC, butc #cjfori#j}.

Alz{al,ag,.. ad} A2—{8d+1,...,ad}.
. . Aij|—h) A
Fori=1ori=2 WQhAKmOgN

|A;] < (82" A hilog N)Y/" + h < h?(log N)/" < (log log N)?,

(h = loglog N).
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Alon observed: proof contains a number theoretic version of a
result of Erdés-Rado on sun flowers (A systems).
Jukna: "A sunflower with k petals and a core X is a collection of

sets S1,..., Sk such that 5; N S; = X for all i # j.
(The sets S;\ X are petals, and we require that none of them is empty...)"

Lemma (Erdés-Rado, 1960, Sunflower Lemma)

Let F be family of sets S; with |S;| = s. If |F| > sl(k —1)°, then F
contains a sunflower with k petals.

A

Conjecture (Erdés-Rado, $1000)

For every k there exists a Cy such that: If |F| > Cg, then F contains a
sunflower with k petals.

A
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Sets without arithmetic progression

Lemma (Growth Lemma Il, inspired by T. Schoen)

Let k > 3 be a positive integer, and let S denote a set of integers
without an arithmetic progression of length k. Moreover, let ¢ be a real
number such that

k
1 —.
<C<k—1

Let H=ap+ {0,a1} + -+ {0,a4} C S. Then |H| > 2c?-1.

N

Theorem (Dietmann, CE)
Hilbert cube H C Sk, Sk no k-progression.

S 2Ak=2)

———— Jog N
~(k—1)logc B

N
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Hilbert cubes in the squares

By Fermat no 4-progression

By Gyarmati A; + A, C squares, min |A;j| = O(log N).
A1 = {31,32,...,ag},A2 = {a%H,...,ad}.

By growth lemma Il, for i =1 or i = 2:

2¢971 < |nAj| < 8log N.

Hence:
d = O(loglog N).

Note that the growth lemmas I/l use "no 4-progression” (Fermat), i.e.
an important global property. This is the key to improvement over the
more local approach (modulo primes) by Hegyvéri and Sarkozy.
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For progression-free sets almost best possible.

A lower bound of log N.

Let ag = 0, and let the multi-set A consist of k — 2 copies of

a1 =k i=0,...,5=|EL].

Let H= H(0;a1,...,81,...,4s,...,3s), (each element k — 2-fold).

All n € H can be written as n = >_;_; bik, with b; € {0,1,..., k —2}.
H does not contain any arithmetic progression of length k.

Digit restrictions, compare Behrend’s example for progression-free sets.
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Sketch proof of Growth lemma Il, preparation

Lemma (Preparation)

0<a<l,and heZ, B CN non-empty set. If
|BN(B+ h)| > (1— «)|B|, then B contains an arithmetic progression of
length | ]+ 1 and gap h.

Proof.

Shift Operator f : Z — Z: f(b) = b+ h and iterated shifts. For fixed
b € Z, r(b) is the least integer r > 0 with

{b,f(b),...,f""X(b)} C B, and f'(b) = b+ rh & B.

From [{b€ B: b+ h e B}| > (1 — «)|B| it follows, that for every r > 0
there are at most «|B| elements b € B with this value r = r(b). For

k € N, the number of b € B with r(b) < k is at most ka|B|. If

ka|B| < |B|, then there exists b € B with r(b) > k+1> | 1] +1. Then
B contains an arithmetic progression {b, b+ h,..., b+ (r — 1)h} of
length r > | 1] 4+ 1. O
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Sketch proof of Growth lemma Il, part 2

Growth lemma.

Hi=ao+{0,a1} +---+{0,a;}.
If |[H| < 2c9"1, then there exists i € {1,...,d — 1} with

|Hit1]
|Hi]

<cC.

For this i one has |(H; + aj+1) N H;| > (2 — ¢)|H;|. By the preparation
lemma and by assumption 1 < ¢ < ﬁ:
H; contains an arithmetic progression of length

1
—— | +1>k
Lc—1JJr -

contradicting the assumption that S does not contain such
progressions! O
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This topic involves

additive combinatorics (sumsets, progressions),
Ramsey theory,

complexity theory,

sieve methods,

character sums,

group theory (not in this talk),

arithmetic geometry (Fermat type and uniform bounds on number of
solutions),

elliptic curves (Siegel-Baker).

sun flower lemma

sum set growth

Thank you for your attention
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