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3 . The lower estimate in the law of the iterated logarithm
From now on let n, < n, < . . . < n y < . . . be a fixed lacunary sequence

satisfying nv+l ,/n` > q>1 - r-L 2, 3 ; . . . . For the sake of simplicity let
for N > X70

V (IV)

	

~-V log log -,V
and for l1 > 0 . N > 1

F (1. N ; x) =

	

exp 2zi ii, x .

For convenience's sake we introduce also F(11, 0 ; x) = 0 for 31 > 0 .
We want to prove that

(25)

	

F'(0, IV ;x)lim sup - v(V)

almost everywhere . Obviously it will be sufficient to prove the following
given arbitrarily small numbers e>0 and r? > 0

hill up F(
(

0 1T
)
' r

)
>- 1-e

for every x : 0 ~ x ( 1 except possibly a set of measure at most rj . Finally
it is also clear that this second statement is a consequence of the following
third one
Lemma 0 . Let ->O, 7T > 0 be arbitrarily small and let the positive

integer N be arbitrarily large . Then there exists a finite sequence of integers
N<N1<N2< . . .<Nk such that

IF (0,X,, ;x)maximum	 1 - s
1S'Sk

for every x ; 0 < x < 1 except possibly a set of measure at most r) .
In the proof of this lemma we shall use the following trivial result
Lemma 10 . Let h. I2	Im and J1, J2	J„ be arbitrary intervals

on the real line . Then the intersection (h I2 + . . . 1 ,,.) n (J,+J2+ . . .=J„)
consists o f intervals the number o f which is less than m+ n .

Now let e > 0 be given and let a >

	

> 1 be arbitrary integers
the exact value of which will be determined at the end of the following



S

proof . At present the condition a > a,(e) assures only that Lemma S can
be applied to any of the sums

(27)

	

Fk(x) = F(a't + a't+1

	

&-k-l, all +k ; X)

where k = 1 . 2, 3, . . . .
For the sake of simplicity let

	

and let I denote the interval
0 < x < 1 . We define the set

E1 = xIxEI ; F1(x) >

and in general

(28)

	

Et- = ~ a:I xsl - (El+E2+ . . .+EkF1.(x)

for k= 1, 2, 3 . . . . (E0 denotes the empty set) . Our object is to obtain an
upper estimate for the measure

1,(I-(El+E,+ . . .-Ek)) .

To this end we consider E,(1.7=1, 2 . 3, . . .) and estimate u(Ek ) from below .
Let us introduce the notation

Mk = n (a lt + a"+1

	

+ au+k )

where n1 =n(1), -n2=n(2) . . . . denotes the given lacunary sequence . Since
Fk(x) 2 is a trigonometric polynomial of degree 2mk the set

~x ;xel ; Fk(x)<(1-j)Wk-

consistss of at most 4m. , intervals. In particular I -E1 consists of of intervals
where p1 < 4m. 1 . In general it is true that the set I - (E1 + E2+ . . . +Ek)
consists of e,, intervals where

Pk<4(mi+m2+ . . .+m) < 4kmk. .

For, according to the definition of E l , E2 , . . ., Ek in (28) we have

I-(El+E2-}- . . .+EJ
=[I-(El=E2+ . . .+E,,-l)z- :x£I ; Fk(x)<(1- 7

Hence using Lemma 10 we obtain nk < 2,,_ 1= 4mk , which proves the above
estimate .
Now let ek,+1 (k > 1) be the union of those intervals of

I-(E1+E2+ . . .=Ek)

the length of which is less than 8k. = M,-..' a-fu+' 'V2 . Then we have

(29)

	

,t (ek+l) < ok 6k < 41,`mk 6k = 41,. z-':u+F.'-ll'2 .

The set I - (E1 + E2 + . . . - Ek) - ek+l consists of intervals the length of
which is at least

~k.> 1/n (1 +ciu+a"+1+ . .+ au-k) Ii (1U+k+1
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Hence the condition l-N > l /n, 1% ~4' of Lemma 8 is satisfied for every
interval of the set I-(E1 +E2 +Ek)-ek+1 . Since a > ao(a) we may
use Lemma 8 in order to estimate ,u(Ek+1)

a ( E .-. 1)
> ,u[I-(E1+E2+ . .+Ek)-ek+1]

(u+k+1)loga

	 [I-(E1+E2+ . . . +Ek)] _
(u+k +1) log a

	

F~(ek+1) •

According to Lemma 8 we also have

It (El ) >	1

	

Ec (I)
(u+1) log a

	

(u+1)loga'

From these last inequalities we obtain by induction on k :

,a [I-(El+E2+ . . .+Ek)]

	

1-

	

1

	

k
+Va(ev)+

v-1

	

('u+Y) IOg CL) v-2
By (29),

k

	

00
~,u(e v) c 4a- U/ 2 I ka -(k+1)12
v=2

	

k=1
= O a-u12

Finally it follows that

a [I-(E1+E2+ . . . +EA)]
7 1

	

u~2
(1

	

(u+v) log a) + O (a

	

) .

Let us introduce the notation
A-k = au + au+ 1 + . . . + au+k (k % 0)

and let us define the sets E;. (k > 1) as

(30)

	

E' = { xI xal ; F(0, 1V,.- j ; x) % 1i20(1'Vk-1)} .

The measure ,u(E;.) can be estimated by Lemma 7, and it follows that

It (E')
< lsloglogN2_ 1 < .

	

1
(log Nk-1)

	

~(u+k-1)'/,

(provided a > a0 ) . Hence

k

	

1

	

1

	

1
v l~

(Ev)
C 2 ue~ x + (

u+1)" T . . .)
1

Using our previous estimates we see that

[I-(El+E2+ . . .+EL)] +y (E,uE2u . . .UEL)

(31)

	

1
k	 1	1< J (1 - (u+v)log a) +

	

+ O(a-u/2 )
1v=

Having this inequality Lemma 9 can be proved easily as follows .



s0

According to the definition of F(17, N : x) > 0 we have

F(0,1v,, ;x) > F, (x) , V P

	

F(0, Nv _ i ; x) l 2 p(N,_i)
V (NO

	

l?w(~v-i)

	

w(N )

An elementary computation shows that

Vw

	

log u

	

1
,P(N,)' (1+(`'la))log(u+1) > (1±(2/a))(1+(1/u))

for any v= 1, 2, 3 ; . . . ; a > 2 and it > 3. Similarly one shows that
V(Nv_j)/p(N,) < V/2/(a- 1) for any v=1, 2, 3, . . . ; a > 2 and u > 0. Hence
we have

F(0, IV, ; x)

	

F, (x)

	

1

	

F(0, V,_ 1 ;x)

	

4
y ( NM1, )

	

V'~ (1+(2/a)) (1+(1/u)) 2V(V1) a-1)

for any v= 1, 2, 3 . . . . ; a > 2 and u > 3 .
If we restrict ourselves to those x`s which belong to the set

E=(E l-E 2 . . .+Ek ) n (I-Ei u E_ u . . . u E)

then by (30) F(0. Nv_, : x) < y'2y (Nv-i ) for every v= 1 . 2	k and by (28)
Fv (r)j'y > 1for a suitable v=v(x) < k . Hence on the set E we have

maximum		JmF(0, ti, Y ;x)

	

(

	

E 1	1

	

4
iw<,k

	

W(A")

	

'

	

-r(2/a)) (1+(1 u))

	

a-1'

Moreover according to (31) we have

k

/A (E) > 1 - jj (1

choose a=a(r) such that a > a,(r),

I a ~ 1 < 2 and
1 +(''la)

Then Nv > N (v > 1) is satisfied . Next we choose u = u (q, s, 7t) > 3 such

1	_	 11 	1 - 4 , and the sum of the last two terms in (* *) isthat	( u)'
numerically les than r),-2 .

Finally we choose k = k (q, s .. q) such that

-

	

1

	

I

	

u;2-0(a - ) .
(u+v) log a

	

( u-1

Vow the truth of Lemma 9 is clear : Given z-.> 0, q>0 and N, first we
a> N .

TkT

	

1

	

rI
11

(1 - (u±v) log a) < 2

Then (26) holds on the set E and y(E) > 1-gyp .
estimate in the law of the iterated logarithm .

This proves the lower

4 . The upper estimate in the law of the iterated logarithm

It will be sufficient to prove the following statement
Lemma 11 . (liven arbitrarily small numbers ->O, .~ > 0 there exists



an N„ =No

	

such that

(32)

	

F(0. N :

	

E)0(N)

for every N > N0 and every xci except possibly on a set of measure at most it .
The proof of this lemma consists of three steps . Let a> 1 be a parameter

which will tend to 1 at the end of our proof . We start from the following :

Lemma 12 . Let N > N0(a) be an arbitrary integer . Let the integers
n=n(AT ) > 0, A=A(n) > 1 and 1 < %.= ;,(n) < A(n) be defined by the
inequalities [a n ] < N < [a"+'] . 2 z1 < [a"+ 1] - [an ] < 2"+' and 2'-1 < [an] ,/.< 21

Then there exist integers N* < 2[a"]" < 2' and m1 satisfying

0 < na1<2:1-1-1 (1=2 . 2+1, .

	

1+1)
such that

F(0, N; x) c F(0, [a°] : x) -r J F( [a"]

	

rn1+1 21+1 . 2 1 ; x)
(33)

	

1=%

-F([a"]-mA2A .X * x) .

Proof of Lemma 12 . According to the definition of F(M, V ; x) > 0
we have

(34)

	

F(Iti1, N ; x) < F(1I . ' : .x~) - F(11 + V', -- ' ; x)

for any M > 0 and 0 < N' < N . Since [a"] < N we obtain immediately

(35)

	

F(0, N : x) < F('0 . [a"] : x) + F( [a"] . N-[a"] : x) .

Using the definition of n, _1 and i < .l we see that

0 < N - [all] < fa"+1 ] _ I ] < 2- 1-1
and so

-V -[a'"]=

	

2-1 +8.1_ 1 ?-1-1 -H . . .+E;2''-1* .

where E1 =0 . 1 (l=2 . 2- L . . . . A) and N* < 2` < 2[a"]'
Now we return to (35) and apply (34) repeatedly to obtain the inequality

F(O,N ;x%)-<F(0.[an]-x)'F([a"] ;E121

	

X)

F(0. [a n] ; x~ - F([an], EA 2' 1 ;x)
.1-1

F([a "]

	

2` 1 - . . . - E1+1 2r1-1 . E1 21 : x)

F ([an]

	

2`1 + . . . - E ; 2 1 ; -V'

	

x) .

Next we introduce the notations -rn,, +1 = 0 and
M, = Eel 23-2 - E ., =

2,1-1-1
- . . . - Ej

for 1=J, 2+1	A. Then the inequalities 0 < na1 <2`' -1 + 1 (1=2 .
, A + 1) are satisfied .
The relations F(M 0 ; x) = 0 and F(i1. N : x) > 0 imply that

F([an] - 8 r1 2 -'1 - . . . + E1=1 2 1 ",,-, 2 1 ; x)
F ([a"] + m1+1

21+1 . E1 21 ; x)
y F ([a"] - m1_1 21-1. 21 ; x) .

Hence indeed (33) holds .

8 1
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Our next object is to prove (32) for the subsequence N = [an] (n =1, 2, . . . ) .
For this purpose we need the following :

Lemma 13 . Let 1 <a <_ 2 and let En denote the set

(36)

	

E-.={x~xrl ; .P(0,[a"] : x) > a'/aO([an])} .

Then given ?1>0, arbitrarily small, there exists a no =no(q, a, i7) such that

n%n
Proof of Lemma 13 . If n. > no(q . a) then we can apply Lemma

with (a, fi)=I, N=[a"] and t=a. Hence for n > no(q, a) we have

a (E) < 18 log log [an] < c (a) log n
~°

	

(log [a'"])"

	

na

where c(a) > 0 depends only on a . Since a > 1 the series in- log n is
convergent and so I u(E7 ) <_ rl ;"2 if no > n o (q, a . ?1) is large enough .

n,no
Finally we have to fill up the gaps in the lacunary sequence

[a n ],

	

(n=1 . 2 . 3, . . . ) .
Having Lemma 12 this will be accomplished by proving the following :

Lemma 14 . Let 1 <a <_ 2 . n > no(a) and let A(n) > 1, ,.(n) > 1 be
the integers defined previously . Define the set E,,.=Ell

+ r=e
(37)

	

Elm = {xI x,-I : F([an] + m21-1 . 21 ; x) ;?- 2

	

} (a- 1)'' ~([a"])} .

Then given r > 0, arbitrarily small, there exists a ,no = no (q, a, r) such that

I I

	

I p (Eim) < q/2 .
n>_no ).<1«10<m<2A-1

Proof of Lemma 14 . Let n > no(a) so large that A(n) > A(n) > 2
and log log [a"] > 4 . According to the definition of A(n) we have

2 11 < [a"-1] - [an] < an-1 - [a"] < (a - 1) [a"] - a ,
and so

2A-1 < 21-1 - (211-1 - a) < (a - 1) [an] .

Similarly, according to the definition of .(n) we have for 1 >

3loglog 2 1 > 3loglog [a"]'%a =loglog [a"] + (2loglog [a"] -log 27) > loglog[an]

Hence for n > no(a) we have the inequalities

From (18) it follows that
1

f F(17, N ; x) 2Pdx < c(q)p(p=N*)"
0

7

(38) 3 log log 2 1 > log log [an],
(39) (a-1) [a"] > 2'-1 ,
(40) log log [an] > 4 .



for any M > 0, _,\T =1 . 2, 3, . . . and p G 3 log log N. Therefore if 1
we obtain

u(El.) < f (
	 F(1an+9n2t-1,21 ;x)

	

dx< j( . . .) 20dx
2 +-

Ezi,,

	

2

	

4
(a -1)'/~ ¢ ( [-n] )

	 ) 2P

	

o

< CM p
}

1-A	p2i

(2 1 2 (a.-1) [an] loglog [an]

for any p < 3 log log 2' . Hence by (38) p= [log log [an ]] is an admitted
value of p. Using the inequalities (39) and (40) we see that

It (Eam) < C (q) p (	A-A
	 p	

) <
c (q) pe-'4' 22(d-A )

3 +-
2

	

2 ' log log [an]

< c(q) (log n) 2 211-A, e 2 (log [an])-2

Consequently
t( (E1.) < c (q, a) 21(1-1)

log
n2
n

for anym>O and 1> ;, .
Summing over m., 0 <n?. < 2A-1 we get

it (Erm) < c (q, a) 21-A logn .

o<_m<2A- i
and

I

	

I

	

u (Elm) < 2c (q, a)
log n .

)-<I-<A p\m<2 d-l

The series '1p,-2 log n being convergent the statement of Lemma 14
follows immediately.

Now given e > 0 and >? > 0, arbitrarily small . first we choose a= a(E) > 1
such that 00

1 < a'1 ' < 1 + 3 and 4 (a - 1) ~;' 2- ki 4 < 3 .
k= 0

Next we choose No=No

	

so large that N~ z'a < e/3, and n(N0 ) = no(q,E, )
satisfies the requirements of Lemma 13 and 14 . Then the set

E=I- U [E.nU(UUEim)]
n n a

	

l m
has measure p(E) > 1- i .

Let N > No be arbitrary . Then we have by Lemma 12, inequality (33)
F(O,N ;x) < F(0,[an] ;x)

	

A F([an]+-,+i 21+1,2 1 ; x)
~(T)

	

\

	

0 ([a't])

	

t~

	

0([an l)

F ([an] +m;. V.. N* ; x)

83

l%N

If xEE then we have by (36) and (37)

	 ()

	

A0
'
N x <a'a-4(a-1)''~ '~7
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Using the conditions on a=a(a) and the inequality N*<2N1 we obtain
F(0, N ; x)/O(N) < 1 +a for every N >, No (q, a, 71) and every xeE, where
,u(E) l 1- n.This proves Lemma 11 . Hence our theorem has been proved.

University o f Notre Dame and
Cornell University(
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