ARITHMETICAL PROPERTIES OF POLYNOMIALS

P. Erpos*,

[Extracted from the Journal of the London Mathematical Society, Vol. 28, 1953.]

1. Throughout this paper f(«) will denote a polynomial whose coeffi-
cients are integers with highest common factor 1, and I will denote the degree
of f(z). We assume that the highest coefficient in f(z) is positive. It
has been known for some time that if f(z) is not the I-th ‘power of a
linear polynomial with integral coefficients then there are infinitely:
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many positive integers n for which f(n) is I-th power free, i.e. f(n) is not
divisible by any integral I-th power greater than 1. In fact by a simple
application of the Sieve of Eratosthenes and an easy limit process it can be
proved (as has also been known for some time) that the integers n for which
f(n) is [-th power free have positive density.

Let us now assume that [ >3 and that f(z) is not divisible by the
(I—1)-th power of a linear polynomial with integral coefficients. It has
then been conjectured that there are in general infinitely many n for which
[f(n)is ({—1)-th power free, and further that the density of these n is positive.

The need for the qualification “in general” arises in the following way.
It may happen that there exists an integer d such that f(n)=0 (modd)
for every ». It is known that such an integer d must be a divisor of 1!,

and the example
xr
f(a:)=u((z)+1)

shows that d may equal [!. Now if [ is a power of 2, I! is divisible by 21,
and if d = [! it is impossible for f(n) to be (I—1)-th power free for any .
We must therefore exclude this case, which we do by assuming from
now onwards that if / is a power of 2 there exists some » (and therefore
infinitely many n) such that f(r) 0 (mod 2-1),

In the present paper we shall prove the following

TaeoreM. If 1 >3 and f(x) satisfies the conditions stated above, then
there are infinitely many positive integers n for which f(n) is (I—1)-th power
free.

It seems very likely that the integers » with the property in question
have positive density, but this I have not been able to prove.

It will be clear from the proof that the following result holds in the
exceptional case when f(n)=0 (mod 2'-1) for every n: there exist infinitely
many n for which f(n)=2"u,, where u, is odd and is (I—1)-th power free.

2. In this section we dispose of the case in which f(z) is reducible. We
can express f(x) as g(x)h(z), where g(z) and kh(x) are polynomials with
integral coefficients, Moreover, there exists such a representation with
g(z) and h(z) relatively prime, except in the case when f(z)= (qb(z))k,
where ¢(z) is irreducible and k > 2. In the latter case, by the result first
mentioned in § 1, there are infinitely many n for which ¢(n) is I/k-th power
free, and therefore f(n) is (l—1)-th power free.

Suppose then that f(z) = g(z) k(x), where g(z) and h(z) are relatively
prime. By hypothesis, neither of them is the (I—1)-th power of a poly-
nomial with integral coefficients. For every prime p there exists a residue
class a, (mod p) such that f(a,) £ 0 (mod p''); for if p > 2 this follows
from a result stated in §1, since p*! does not divide /!, and if p = 2 this
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was the assumption made. Let ¢ be a large positive integer, and let

-1
=\
Then there exists a residue class ap (mod 7') such that f(ar) # 0 (mod p'?)
for each p <t.

The degrees of both g(z) and h(z) are less than [, and neither of these
polynomials is an (I—1)-th power. It follows from a simple sieve and
limiting process that the density of the integers y=ap (mod 7') which
satisfy g(y)=0 (mod ¢'-?) for some prime ¢ > ¢ is less than }7'-'. (The
proof is similar to that of the result, stated in § 1, that f(») is I-th power free
for infinitely many n.)

The same holds for A(x), and therefore there are infinitely many
y=ap (mod 7T') for which both ¢(y) and h(y) are (I—1)-th power free.
From the fact that g(x) and h(x) are relatively prime it follows that the
highest common factor of g(n) and A(n) is bounded for all n, and is thus
less than ¢ for sufficiently large ¢. Thus we finally obtain the existence
of infinitely many y=ay, (mod 7') for which f(y) =g(y)h(y) is (I—1)-th
power free, as was to be proved.

3. We assume from now onwards that f(2) is irreducible, and proceed
to explain certain notation which will be used throughout the subsequent

work.
Let p(a) denote the number of solutions of

f(n)=0 (mod @), 0<n<a,
and let p,(a) denote the number of solutions of

fr)=0 (mod a), 0<n<a.
Plainly pol@) <[ 7 | @)+t (1)

If p does not divide the diseriminant of f(z) it is well known that
p(p7) <1 for all ¥ > 0. (2)

Let x be a sufficiently large positive integer, and let u,, u,, ... denote
the integers satisfying the following three conditions:

(i) z(log )22 < u; < 2x(logx)~3/2;
(ii) w; is squarefree;
(iii) all prime factors of w; satisfy
(logz)* < p < z(logz)*,
where B is a sufficiently large number which will be determined later.
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Let ky, k,, ... denote the integers not exceeding z for which
(i) f(%;) is divisible by some wu,
(ii) f(k;) 0 (mod p*?) for all primes p < (logz)*/2.

Let z denote the number of k's, and enumerate the L’s in order, so that

by <ky<..<hk,<wz. Let d*(f(k)) denote the number of divisors of
f(k;) among the w’s.
We use ¢,, ¢,, ... to denote positive numbers which depend only on the

polynomial f(z).
Occasionally, for convenience of printing, we write A for 1/(I—1).

4. In this section we assume that there are infinitely many positive

integers z for which
z > z(loglogz)~2. (3)

In this case the proof of the theorem will be comparatively simple. We
shall show that if (3) holds for a certain z then the number of k's for which
f(k;) is (I—1)-th power free is greater than fz(logloga)~2 and this implies
the result.
Suppose p/-1 divides f(k;) for some prime p. We know that for every
k, there is some » which divides f(k;). If p > x(logz)® then p and % are
relatively prime, by condition (iii) on the w;, Thus
Pru <flk) <fle) <,
whence P < (e, @fup < cy(loga)/?
by the lower bound for the «’s. In view of condition (ii) on the k’s, we have
(logz)*2 < p < ey (logx)® 2, (4)

The number of integers k << for which f(k)=0 (mod p''), where p
satisfies (4), does not exceed

Z p(p"1),
(4)

where the summation is over primes p satisfying (4). Using (1) and (2).
the latter being applicable because p is large, we have

o i & -1
S0 ¢ ) < (o )+ )

<le I pHitir(c,u(logz)™i)

2> (log 2)¥*

< cyz(logz)1+-¢, z(log z)®r /2 -1
< $x(loglog z)~2.
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It follows from (3).that there are at least 4x(loglog )2 of the k; for which
f(k;) is not divisible by the (I—1)-th power of any prime, and this proves
the result.

5..We .can now assume that for all sufficiently large # we have

z < z(loglogz)~2. (5)

The proof is based on the following three lemmas, which do not them-

selves depend on the assumption (5).
z
LeMMA 1. S @+ (f(k)) > csz(loglogz)™.
=1
The proof of this lemma is complicated, and we postpone it to §§7-9.
Levma 2. Let p be a prime satisfying p < (logz)?. Then

pX d(f(n)) < cgz log z) p~H1,
®)

where the swmmation is over positive integers n satisfying
n<z, f(n)=0 (mod p'1). (6)
The proof is very similar to my prooff that

ild (f{n)) < cg2 logaz,

and can be omitted. The lemma would in fact remain true if the condition
on p were relaxed to p < z*, except that ¢g would then depend on e.

LEMMA 3. x {a(fom) }* < w(logayr.
This is a result of van der Corputi.

6. We now complete the proof of the theorem. Let us assume that
for every ¢ with 1 <i <z we have

fk)=0 (mod p™?) (7)

for some prime p (depending on 7). We shall show that this leads to a
contradiction. The result then follows on giving x a suitable sequence of
values. By condition (ii) on the k’s, the prime p in (7) must satisfy
p > (logz)3/2.

Denote by k,' <k, <... <k, <z those k’s for which f(k) is divisible
by more than one w. If f(k,') is divisible by %, and wu, it is impossible
that w, should divide u,, in view of condition (i) on the w’s. Hence u,

t Journal London Math. Soc., 27 (1852), 7-15
t Proc. K. Neder. Akad. van Wet., Amsterdam, 42 (1939), 547-553,
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has at least one prime factor which does not divide %,, and it follows from
conditions (i) and (iii) that
[, 5] > z(logz)*~/2, (8)

If (7) holds for k/, and p > x(logz)~#, then p cannot divide u, or u,,

and therefore
P uy, ug] <) <oy,
whence, by (8),

p <cgz{(loge)f—33= < cgz(logz)-#/%, (9)
agsuming 8 > 3.
We evidently have
z [
= d+(f(k)) < = d*(f(k))) +=,
i=1 i=1
since d* ( f( ki)) = lif k;isnot among theset #'. Hence, by (5) and Lemma 1,
2. d+ (f(fc;’)) > ¢z (loglog x)1—z(loglog )% > cow(loglogz)~1. (10)
im]

Denote now by ¢, <t,<<...<{, <z those numbers k&’ with the property
that f(#) is divisible by p'! for some p > (logz)f. Then p satisfies (9).
If &/ is not one of the numbers ¢ then f(k/) satisfies (6) for some prime p
with (log)32 < p < (logz)?. Hence

L a+ (1) <zza(fm) + 2 a(rw)

=343, (11)

say, where p in X, satisfies the inequalities just stated. Using Lemma 2,

we obtain
I, <cgzlogaX p~Hl < ¢pa(logx)~1/2 (12)
p

Also, in view of the definition of the numbers ¢ and the inequality (9),
we have

w < B pg(p),
(13)
where the summation here is over
(logz)? < p < cga(loga)—P/¥, (13)
Thus, by (1) and (2),
w< 2 (41

Ll Z p1 41 31
(13) (13)
< ¢y x(log x)P+4-c p x(log z) 1A%

< ¢y (log )1
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provided B> 2l(1+4c¢,). Consequently, by Lemma 3 and Cauchy’s
inequality, we have

%, _§1d( 1(6)) < {we(loga)r 1 < oy 2(logz) L. (14)

But now the estimates for X, and X,, when substituted from (12) and
(14) in (11), give a contradiction to (10). As was seen earlier, this contra-
diction proves the theorem.

7. We now come to the proof of Lemma 1. We recall that d+ ( f(ki))

denotes the number of divisors of f(k;) among the u’s. Hence, inter-
changing the order of summation, we have

B (1) =Zp. (), (13)

where p_'(u;) denotes the number of positive integers n <z satisfying
fn)=0 (mod u,;), f(r)s£0 (mod p'?) for all p < (logx)*2 (16)
The proof of Lemma 1 falls into two stages.
LeMma 1a. Po () > c15p,(u;) for all j.

LevMA 1B. Z po(uy) > cgz(loglogz)~t.
]
In view of (15), these two results imply Lemma 1.

8. Proof of Lemma 1a. Let D denote the discriminant of f(z), and let
t be a large but fixed positive integer greater than D. Defining 7' as in §2,
we recall that there exists a residue-class ap (mod T') such that f(ap)5£0
(mod p*) for all p <¢. Let p (u;) denote the number of positive integers

n < x satisfying
f(rn)=0 (mod u;), n=ap (mod T). (17)
On comparing (17) with (16), we see that

P (uy) 2P:(‘“f)_§ Pz (P1y), (18)

where the summation is over primes p satisfying ¢ < p < (logx)®/2.
Since the u’s are composed of large primes, we have (u;, 7) = 1. Since
also u; <z, it follows easily from the definition of p}/(u;) in (17) that

1" Zplu
pu) > . (19
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In the' terms of the sum on the right of (18), we have (p, u,)=1 by
condition (iii) on the u’s, provided g > %. It follows easily that

pe (P u,;) < [ﬁ] p(P1u)+p( 1)

s;&‘“’ +ip(w,), (20)

since p(p'1) <! by (2), in view of the fact that p > D.
Using (19) and (20) in (18), we obtain

ps (1) > 2—;,5; plu,) | 1_213‘?4“} —lp(u,) = ( (log z)*2)

> z;p_g::_) — 6y p(u;) (log 2)*/%(log log )1

zp(uy)
= 6T’

sinoe u, < 2z(logz)—*/2. Since

Pz(t;) Q P(“;)

by (1), Lemma 1A now follows.

9. Proof of Lemma 1B. We have
Zpa(u;) > 2 5 plu) > H(logz)*R E p(u,).
i i 1 E

Henee to prove Lemma 1B it suffices to show that .
Z p(uy) > cygz(log z)~*2(loglog z)-1. (21)
i

Put y = z(logz)~3/2. Consider all numbers of the form vp, where v

is a squarefree positive integer not exceeding '/ whose prime factors all
lie between (logz)® and z*, and p is a prime satisfying

ylv<p <2y

Here e is a sufficiently small positive number which will be chosen later.
The numbers vp are distinct and each of them is a w. By the multipli-
cative property of p(m), we have

;‘39(%) > §p(v)§p(10). (22)

where the summations are over » and p as just defined.
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By the prime ideal theorem*, we have
2 plp) =2(log2)*+0(z(log2)?) (23)
and from this it follows that the inner sum on the right of (22) satisfies

E: p(p) > eypyvi(logy).

Thus, by (22),
?P(‘“:) > ¢y (logy)™ ?p(v)/v-

Hence in order to prove (21) it will suffice to show that
Zp(v)/v > cyologz(loglog z)~1. (24)
v

The following simple proof of (24) was suggested to me by the referee.
We have, for s > 1,

Zp)o=1I (1+p2)p) —Zpw) -, (25)

where p runs through all primes satisfying (logz)® < p <a*, and w runs
through the squarefree integers greater than z'/* which are entirely com-
posed of such primes. Plainly

I (14+p(p)p~) Tpw)wt< I p(n)n->. (26)
p<(log z)# w n>zl?

Using the well known resultt
8p= I p(n) <cym,
n=1
we obtain by partial summation

X pln)n < Emsm(m“—-(m-{-l)-s)

n>zid
< ogy 7 2098, (27)
Now put s = 14 (eloga)™t. Using (23) we find that, for z < z,
loglogz—cyy <,§; p(p)p~* < loglogz+cyy,
where ¢,3 and ¢,, are independent of e. It follows that
Cy5 logz < ’IL (1+p(p)p") < Cyq log 2.

Using this, with (27), in (26), we obtain
Zp(w)w* < cyy(e logz) e-1/39(log log z) 2.

* See Lemma 7 of my paper cited earlier.
+ This is a consequence of the prime ideal theorem.
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Also the product on the right of (25) satisfies

o g5 € logx
l;l (1+P(P)P 8) > Cos B loglogz”

Hence, if ¢ is sufficiently small, we have from (25)

Zp(v)v = Z p(v) v > co(€) log w(loglog z)-1.
v v
This proves (24), and so completes the proof of Lemma 1.

10. My original proof of Lemma 1B was very much more complicated.
It depended on the following lemma, which may be of some interest in
itself and is therefore stated here without proof.

Let Z be large and let qy, q, ... be any primes not exceeding Z. Let
Wy, Wy, ... be all the squarefree integers composed of these primes. Let there
correspond to each q; a real number «; satisfying 1 <o; <I. For each w;
define

glw)= Il «;.

q;lw;
Then, if k>1,

1 1
>z‘9(w:‘)/wi < ekl E g(wy)fw; = ! II (1+4-a/gy),

w; i
where ¢y depends only on .

I conclude with two remarks bearing on the present paper. It was
proved by Estermann* that every sufficiently large positive integer is the
sum of a square and a squarefree integer, and by similar methods one can
prove that every sufficiently large positive integer is the sum of an I-th
power and an [-th power free integer. The methods of the present paper
would doubtless allow one to prove that every sufficiently large positive
integer is the sum of an /-th power and an (I—1)-th power free integer.

It is possible to prove that there are infinitely many primes p for which
f(p) is I-th power free, provided of course that f(z) is not the I-th power of a
linear polynomial. It is reasonable to conjecture that there are infinitely
many primes p for which f(p) is (I—1)-th power free, assuming that f(z)
satisfies the conditions of § 1; but the methods of the present paper do not
seem to be powerful enough to prove this. I have also not been able to
prove, for example, that n'-+-2 is squarefree for infinitely many n.

Department of Mathematics,
University College, London.
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